PERVERSE COHERENT SHEAVES AND FOURIER-MUKAI TRANSFORMS ON 

SURFACES 



KOTA YOSHIOKA 



Abstract. We study perverse coherent sheaves on the resolution of rational double points. As examples, 
we consider rational double points on 2-dimensional moduli spaces of stable sheaves on K3 and elliptic 
surfaces. Then we show that perverse coherent sheaves appears in the theory of Fourier-Mukai transforms. 
As an application, we generalize the Fourier-Mukai duality for K3 surfaces to our situation. 



Contents 

0. Introduction 2 

1. Perverse coherent sheaves and their nioduh spaces. 4 

1.1. Tilting and Morita equivalence. 

1.2. Examples of perverse coherent sheaves 

1.3. Famihes of perverse coherent sheaves. 

1.4. Stabihty for perverse coherent sheaves. 

1.5. A generahzation of stability for 0-dimcnsional objects. 

1.6. Construction of the moduli spaces of ^-modules of dimension 0. 

1.7. Twisted case. 

2. Perverse coherent sheaves for the resolution of rational double points. 

2.1. Perverse coherent sheaves on the resolution of rational singularities. 

2.2. Moduli spaces of 0-dimensional objects. 

2.3. Fourier-Mukai transforms on X. 

2.4. Construction of a local projective generator. 

2.5. Deformation of a local projective generator. 

3. Fourier-Mukai transform on a K3 surface. 

3.1. Basic results on the moduli spaces of dimension 2. 

3.2. Proof of TheoremlSXi] 

3.3. Walls and chambers for the moduli spaces of dimension 2. 

3.4. A tilting appeared in jBr4j and its generalizations. 

3.5. Equivalence between 2li and ■ 

3.6. Fourier-Mukai duality for a K3 surface. 

3.7. Preservation of Gieseker stability conditions. 

4. Fourier-Mukai transforms on elliptic surfaces. 

4.1. Moduli of stable sheaves of dimension 2. 

4.2. Fourier-Mukai duality for an elliptic surface. 

4.3. Tiltings of C, Per{X' /Y') and their equivalence. 

4.4. Preservation of Gieseker stability conditions. 

5. A category of equi variant coherent sheaves. 

5.1. Morita equivalence for G-sheavcs. 

5.2. Stability for G-sheaves. 

5.3. Fourier-Mukai transforms for G-sheaves 

5.4. Irreducible objects of CohG(A) 

6. Appendix 

6.1. Elementary facts on lattices 

6.2. Existence of twisted semi-stable sheaves 

6.3. Spectral sequences 
References 



1991 Mathematics Subject Classification. 14D20. 

The author is supported by the Grant-in-aid for Scientific Research (No. 18340010, No. 22340010), JSPS. 

1 



0. Introduction 



Let TT : X Y he a birational map such that dim7r^^(y) < 1, y € Y. Then Bridgeland |Br3| mtroduced 
the abchan category p Per(X/F)(c D(X)) of perverse coherent sheaves in order to show that flops of smooth 
3-folds preserves the derived categories of coherent sheaves. By using the moduh of perverse coherent sheaves 
on X, Bridgeland constructed the flop X' ^ Y oi X ^ Y. Then the Fourier-Mukai transform by the 
universal family induces an equivalence D(X) = D(X'). In |VB| . Van den Bergh showed that ^ Pct(X/Y) 
is Morita equivalent to the category Coh^(F) of ^-modules on Y and gave a different proof of Bridgeland 
result, where A is a sheaf of (non-commutative) algebras over Y. Although the main examples of the 
birational contraction are small contraction of 3-folds, 2-dimensional cases seem to be still interesting. In 
|NYlj ■ jNY2| ■ Nakajima and the author studied perverse coherent sheaves for the blowing up X ^ Y oi 
a smooth surface Y at a point. In this case, by analysing wall-crossing phenomena, we related the moduli 
of stable perverse coherent sheaves to the moduli of usual stable sheaves. Next example is the minimal 
resolution of a rational double point. Let G be a finite subgroup of SU{2) acting on and set Y := C^/G. 
Let TT : X ^ Y he the resolution of Y. Then the relation between the perverse coherent sheaves and the 
usual coherent sheaves on X are discussed by Nakajima. Their moduli spaces are constructed as Nakajima's 
quiver varieties |N1| and their differences are described by the wall crossing phenomena |N2| . Toda [T] also 
treated special cases. In this paper, we are interested in the global case. Thus we consider the minimal 
resolution n : X —> Y ot a normal projective surface Y with rational double points as singuralities. 

As examples, we shall show that perverse coherent sheaves naturally appear if we consider the Fourier- 
Mukai transforms on K3 and elliptic surfaces. In our previous paper |Y5j . we studied Fourier-Mukai trans- 
forms defined by the moduli spaces of (semi)-stable sheaves Y' on X. Our assumption is the genericity of 
the polarization. If the polarization is not general, then Y' is singular at properly semi-stable sheaves. In 
this case, we still have the Fourier-Mukai transform by using the resolution X' of Y' . Then the category 
of perverse coherent sheaves on X' naturally appears. In particular, we show that the universal family on 
X' X X is the universal family of stable perverse coherent sheaves on X' (Theorem 13.6. Thus we have a 
kind of duality between X and X', which is a generalization of the relation between an abelian variety and 
its dual. We call this kind of duality Fourier-Mukai duality. The Fourier-Mukai duality for a K3 surface 
was studied by Bartocci, Bruzzo. Hernandez Ruipcrez [BBH] . Mukai pu3] . Orlov [O], Bridgeland [Br2) . 
and was first proved by Huybrechts in [H] under the genericity of the polarization. He also proved that the 
Fourier-Mukai transform preserves nice abelian subcategories. We also give a generalization of this result 
fTheorem I3.5.8p . Then we can generalize the result on the preservation of stability by the Fourier-Mukai 
transform in |Y5j to our situation. 

For the relative Fourier-Mukai transforms on elliptic surfaces, we also get similar results. Let G be a finite 
group acting on a projective surface X. Assume that Kx is the pull-back of a line bundle on Y := X/G. 
Then the McKay correspondence |VB| implies that CohG(-'^) is equivalent to Per{X' /Y), where X' — > F 
is the minimal resolution of Y. The equivalence is given by a Fourier-Mukai transform associated to a moduli 
space of stable G-sheaves of dimension 0. If X is a K3 surface or an abelian surface, then we have many 
2-dimensional moduli spaces of stable G-sheaves. We also treat the Fourier-Mukai transform induced by the 
moduli of G-sheaves. 

In section[Tl we consider an abelian subcategory C of D(X) which is Morita equivalent to Coh_4(F), where 
TT : X — >■ y be a birational contraction from a smooth variety X and ^ is a sheaf of (non-commutative) 
algebras over Y. We call an object of C a perverse coherent sheaf. Since Pei{X/Y) is Morita equivalent 
to Coh^(y) for an algebra A [VBj . our definition is compatible with Bridgeland's definition. We also 
study irreducible objects and local projective generators of C. As examples, we shall give generalizations 
of PPer{X/Y), p = —1,0. We next explain families of perverse coherent sheaves and the relative version 
of Morita equivalence. Then we can use Simpson's moduli spaces of stable v4-modules [S] to construct the 
moduli spaces of stable perverse coherent sheaves. Since Simpson's stability is not good enough for the 
0-dimensionional objects, we also introduce a refinement of the stability and construct the moduli space, 
which is close to King's stability pC] . 

In section [2l we study perverse coherent sheaves on the resolution of rational double points. We first 
introduce two kind of categories Pei{X/Y, bi, . . . , b„) and Pei{X/Y, bi, . . . , b„)* associated to a sequence 
of line bundles on the exceptional curves of the resolution of rational singularities and show that they are 
the category of perverse coherent sheaves in the sense in section[T] They are generalizations of ~^ Per(Ar/F) 
and °Per(X/F) respectively. 

We next study the moduli of 0-dimensional objects on the resolution of rational double points. We 
introduce the wall and the chamber structure and study the Fourier-Mukai transforms induced by the 
moduli spaces. Under a suitable stability condition for Cx, x € X, we show that the category of perverse 
coherent sheaves is equivalent to PeT{X/Y) (cf. Proposition I2.4.7p . We also construct local projective 
generators under suitable conditions. 
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In section [31 we consider the Fouricr-Mukai transforms on K3 surfaces. We generalize known facts on 
the 2-dimensional moduh spaces of usual stable sheaves to those of stable objects. Then we define similar 
categories 21 and Sf^ to those in [Br4j . and generalize results in In particular, we study the relation 
of Fourier-Mukai transforms and the categories 21,21^ fTheorem I3.5.8p . This result will be used to study 
Bridgeland's stable objects in |MYYj . We also prove the Fourier-Mukai duality fTheorem I3.6.ip . Finally 
we give some conditions for the preservation of Gieseker stability conditions. Fourier-Mukai transforms on 
elliptic surfaces and Fourier-Mukai transforms by equivariant coherent sheaves are treated in sections [4] and 

El 

Notation. 

(i) For a scheme X, Coh{X) denotes the category of coherent sheaves on X and D(X) the bounded 
derived category of Coh.{X). We denote the Grothendicck group of X by K{X). 

(ii) Let ^ be a sheaf of C^-algebras on a scheme X which is coherent as an Cx-module. Let Coh_4(X) 
be the category of coherent ^-modules on X and D_^(X) the bounded derived category of Coh^(X). 

(iii) Assume that X is a smooth projective variety. Let E be an object of D(X). := TVHomQ^ {E, Ox) 
denotes the dual of E. We denote the rank of E by rkE. For a fixed nef divisor H on X, deg{E) 
denotes the degree of E with respect to H. For G e K{X), rkG > 0, we also define the twisted 
rank and degree by Tka{E) := rk(G^ ® E) and AcgQ{E) deg(G'^ ® E) respectively. We set 
^1G{E) ■.= dega{E)/vkG{E), if rk^^O. 

(iv) Integral functor. For two schemes X, Y and an object £ e D(X x Y), ^x^y ■ O(^) ^ ^0^) 
is the integral functor 

(0.1) ^x-.YiE) ■.^npY.i£^p*x{E)), Ee-D{x), 

where px : X xY ^ X and pY '■ X xY ^ Y are projections. If ^x^y equivalence, it is said 
to be the Fourier-Mukai transform. 

(v) D(X)op denotes the opposit category of D(X). We have a functor 

Dx : D(X) ^ T>{X)op 

E ^ E"". 

(vi) Assume AT is a smooth projective surface. 

(a) We set i?™(A, Z) := 0^^^ H'^'{X, Z). In order to describe the element x of Z), we use 
two kinds of expressions: x — {xq, xi, X2) = xo+Xi+X2gx, where Xq G Z, xi S H'^{X, Z), 2:2 G 
Z, and Qx = 1. For x — (xq, xi, 0:2), we set rkx := xq and ci(x) = xi. 

(b) We define a homomorphism 



(0.2) 



7: K{X) Z®NS(X)®Z 
E ^ {TkE,ciiE),x{E)) 

and set K{X)top := i^(A)/ker7. We denote E mod ker7 by t{E). K{X)top has a bilinear 
form xi , )■ 

(c) Mukai lattice. We define a lattice structure ( , ) on _ff^"(A, Z) by 



(0.3) 



{x,y) ■■= U y 

Jx 

H^i,yi) - {xQy2 + X2ya), 



(0.4) 



where x = (xqi 2:2) (resp. y = (yo: yi> 2/2)) and x'^ = (xg, — xi, 2:2). It is now called 
the Mukai lattice. Mukai lattice has a weight-2 Hodge structure such that the (p, g)-part 
is ^^HP+'^i+'iX). We set 

i?™(A, Z)aig =ffi'i(i7™(X, C)) n i7™(A, Z) 
9^ZeNS(A)®Z. 

Let E be an object of D(X). If A is a Ar3 surface or rkE' = 0, we define the Mukai vector of 
E as 



(0.5) v{E) ■.= rk{E)+ci{E) + {x{E) - rk{E))Qx e iJ^"(A,Z). 

Then for E,F E D(A) such that the Mukai vectors arc well-defined, we have 

(0.6) xiE,F)^-{v{E),v{F)). 

(d) Since degQ{E) is determined by the Chern character ch(£'), we can also define degQ{v), v € 
7J™(A,Z)aig by using E G D(A) with v{E) = v. 



1. Perverse coherent sheaves and their moduli spaces. 

1.1. Tilting and Morita equivalence. Let X be a smooth projective variety and tt : X Y a. birational 
map. Let Oy(1) be an ample line bundle on Y and Ox{i) 7r*(C'y(l)). We are interested in a subcategory 
C of D(X) such that 

(1) C is the heart of a bounded t-structure of D(X). 
(ii) There is a local projective generator G of C |VB| : 

(a) 'Rtt ^miom{G,E) e Coh(y) for allE^C and 

(b) R7r*RHom(G, E) E C,C \i and only if £; = 0. 
By these properties, we get 

(1.1) C = {Ee T){X)\RTT^-miom{G,E) G Coh(F)}. 

Definition 1.1.1. (1) A perverse coherent sheaf E is an object of C. C is the category of perverse 
coherent sheaves. 

(2) For E e ^{X), PW{E) e C denotes the i-th cohomology object of E with respect to the i-structure. 

The following is an easy consequence of the properties (a), (b) of G. For a convenience sake, we give a 
proof. 

Lemma 1.1.2. Let G be a local projective generator of C . 

(1) For E Cz C, there is a locally free sheaf V on Y and a surjective morphism 

(1.2) (j) : t:* (V) (E) G ^ E 
in C. In particular, we have a resolution 

(1.3) > 7r*{V^i)®G -> 7r*{Vo)(E)G ^ E ^0 

of E such that Vi, i <0 are locally free sheaves on Y. 

(2) Let G' eC be a local projective object ofC: R7r*RHom(G', -B) € Coh(r) for all E eC. If G is a 
locally free sheaf then G' is also a locally free sheaf 

Proof. (1) By the property (a) of G, we can take a morphism ip : V R7r*R?^om(G, E) in T){Y) such that 
V H°{TiTr^IiHom{G,E)) is surjective in Coh(y). Since 

Hom(L7r* (R7r3Hom(G, E))(EG,E)=: Hom(L7r* (RTT^Rnom{G, E)), Rnom{G, E)) 

''^'^^ ^ Hom(R7r*R-HoTO(G, E) ,IIt: ^KHom{G , E)), 

we have a morphism (p ■ ®G ^ E such that the induced morphism V R7r,R'Hom(G, t^*{V) (X) G) — > 

R7r^,R'Hom(G, -E) is Lp. Then cokeri/) G C satisfies R7rH,R'Hom(G, coker (/)) = 0. By our assumption on G, 
cokeri^ = 0. Thus 4> is surjective in C. 

(2) We take a surjective homomorphism (11.21) for G'. Let U be an affine open subset of Y . We note that 

(1.5) Hom(G|^-i(j^),ker0i^-i(j/)[l]) = H^{U,'RTT^'R'Horn{G\^^i^jjy^eT(t)\^-i^u))) = 0. 
Hence 

(1.6) Hom(Gf,_i , t:* {V) ® G|,-i (y) ) ^ Hom(G|,_ 

is surjective. Therefore G|^_i^j^j is a direct summand of tt*{V) ® G\^-nijy □ 

From now on, we assume the following: 

• G is a local projective generator of C which is a locally free sheaf. 

Proposition 1.1.3. fjVB] Lem. 3.2, Cor. 3.2.8]j We set A := tt, (G^ ® G). Then we have an equivalence 

C ^ Coh^(r) 
^ ' E ^ R7r,(G^«)£;) 

whose inverse is F i— >■ TT~^{F)iE)Tr-i{A)G. Moreover this equivalence induces an equivalence T>{X) — >■ D^(y). 



Let Oy (1) be an ample line bundle on Y. For F € Coh^(y), we have a surjective morphism H^{Y, F{n))(E) 
A{—n) F, n ^ 0. Hence we have a resolution V* F hy locally free ^-modules V^. If V^\j = on 

an open subset of Y, then {n~^{V^) ®Tr-^{A) G)\Tr-i{u) — Thus 7r^-'^(F) G is isomorphic to 

Assumption 1.1.4. From now on, we assume that dim7r^^(y) < 1 for all y £ F and set 
(1.8) :={2/ey|dim^-i(y) = l}. 



Lemma 1.1.5. Assume that dimTr ^(y) < 1 for all y . Let G he a locally free sheaf on X and set 

T :={£ e Coh(X)|i?i7r,(G^ (E) E) = 0}, 
^^■^^ S:^{EeCoh{X)\Tr,{G"' ®E)^0}. 

(1) (T,5) is a torsion pair of Coh.{X) such that G eT if and only if R^7t^{G'^ (g)G) =0 and SnT = 0. 

(2) // (T, S) is a torsion pair such that G G T, then G is a local projective generator of the tilted category 

(1.10) Cg {E e B{X)\H-\E) e S, H"{E) e T, H\E) = 0, i 7^ -1, 0}. 

(3) Assume that (T, S) is a torsion pair such that G G T . If (T', S") is a torsion pair of Coh(X) such 
that G eT' and SnT' ^ 0, then (T', S') = (T, S). 

Proof (1) We shall prove that (T, S") is a torsion pair under i?V*(G^ G) = and S (IT ^ 0. For 
E € Coh(X), let (f) : 7r*(7r*(G^(g)i;;))(8)G E he the evaluation map. Then we see that tt^{G'^ ®cokei 4>) = 0, 
i?^7r*(G^ (g) im(/)) = and i?^7r»(G^ E) = R^n^{G^ (X) cokert/)). Hence we have a desired decomposition 

(1.11) o^£;i-^£;^£:2-^o 

where Ei := imt/) e T and E2 := cokerc/) £ S. 

(2) If (r, S") is a torsion pair, then for E G Cg, we have an exact sequence 

(1.12) ^ R^TT,{G'^ (E) H-\E)) Rtt^G"' E) E) ^ n^iG" ® H°{E)) 0. 

Hence Rtt^G^^^;) S Coh(y) and Rn^G^'^E) = if and only ii R^n^G"^ ^ H-\E)) = Tr4G'-'E)E) = 0, 
which is equivalent to H~^{E), H'^{E) G S O T — 0. Therefore G is a local projective generator of Cg- 

(3) We first prove that T C T' . For an object E G T, (2) implies that there is a surjective morphism 
(p : Tr*{V) 0G E in Cg, where is a locally free sheaf on Y. Since cj) is surjective in Coh(X) and G S T', 
E e T'. Since 5 n T' = 0, we get S C S'. Therefore (T', S') = (T, S). □ 

By the proof of Lemma ll.l.Si we get the following. 

Corollary 1.1.6. Let G be a locally free sheaf on X which gives a local projective generator of Cg in Lemma 
\1.L5\ Let E be a coherent sheaf on X and 4> : 7r*(7r*(G^ ® E)) ® G ^ E the evaluation map. Then 
El im0 e T and E2 cokcr (f> G S. Thus we have a decomposition of E 

(1.13) ^ im0 ^ S ^ coker0 ^ 
with respect to the torsion pair (T, 5). 

Lemma 1.1.7. Assume that the local projective generator G G C is a locally free sheaf. We set 

T -.^{E G Coh{X)\R\4G'' <E)E)^ 0}, 
''^'^^^ S ■.={EeCoh{X)\TT,{G"' (g>E) = 0}. 

Then {T,S) is a torsion pair of Coh{X) whose tilting is C. 

Proof. Since G G C, we have R7r*(G^ (E) G) E Coh(y). By the definition of a local projective generator, we 
have iS* n r = 0. By Lemma [1.1. 51 (T, S) is a torsion pair. Let Cg be the tilted category. Since S'[l], T C C, 
we get Cg C C. Conversely for E eC, we have a spectral sequence 

(1.15) £;f'« = i?P7r*(G^ (XiJ«(S)) =^ EP+'i = i?P+%4G^ ® £;). 

Since 7r^^(y) < 1 for all i/ G this spectral sequence degenerates. Hence we have R7r*(G^ ® H'^{E)) — 
for q ^ -1,0, TT^iG'' (g) H-\E)) = and R^Tr^{G'^ (g) H°{E)) = 0. Therefore E eCg- □ 

Lemma 1.1.8. For the locally free sheaf G on X and the tilted category Cg in Lemma \l.L5[ we set 

T^ -.^{E G Goh(X)\R\JG E) E) = 0}, 

(1.16) ^ ' 

■.={E eCoh{X)\Tr4GE)E) ^0}. 

Then (T^, S^) is a torsion pair and G^ is a local projective generator of the tilted category. We denote the 
tilted category by Cq . 

Proof Since R^tt^{G'^ E) G) = 0, G"" e T^ . We show that T^ n = 0. Assume that R7r,(G E) E) = for 
a coherent sheaf E on X. Since 

H\Y, Kn^G E) E){-k)) ^H\X, G E) E{-k)) 

(1.17) =H"-\X, G^ E) Dx{E){Kx) E> Ox{k)Y 

=H"~'{Y,Rtt4G'' E) Dx{E){Kx)){k)r 

for all fc G Z and W {Y, iJ"-*(R7r, {G"" E)Dx{E){Kx))){k)) for /c> and j ^ 0, we get i?"-*(y, Rtt^G^O 
Dx{E){Kx)){k)) = i70(y,i?"-*(R7r,(G^ E) Dx{E){Kx))){k)) = for A: > 0. Therefore Rtt^G^ ® 
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Dx{E){Kx)) = 0. Since dim7r-i(?/) < 1 for all y G F, we see that Rtt^G^ ® W{Dx{E){Kx))) = 
R7r*(_ff*(G'^ (g) D{E){Kx))) = (see the proof of Lemma [1.1.71) . Since G is a local projective generator of 
Co, H'{Dx{E){Kx)) = for all i. Therefore Dx{E){Kx) = 0, which implies that S = 0. □ 

Remark 1.1.9. If i? is a local projective object of Cq, that is, i?^7r*(i?^ ® F) = Q for all F G Cq-, then 
E"^ e eg. Indeed by G G Cg, we have R^tt^{E'^ (g, G) = 0, which implies that e T^. Moreover since G^ 
is a local projective generator of and R^tt^,{E (E) G^) = 0, i?^ is a local projective object of C'^. 

1.1.1. Irreducible objects ofC. 

Lemma 1.1.10. Let G be a locally free sheaf on X such that R7rH,(G^ ® F) for all non-zero coherent 
sheaf F on a fiber of n. Then for a coherent sheaf E on X , i:^,{G'^ ®E) — implies R^Tr^{G'^ 7^ 

for all y G 7r(Supp(£')). 

Proof Assume that i?^7r*(G^(8)i?|^-i(j^)) = 0. By Lemma [1.1. 161 below. i?^7r*(G^(8)i?) = in a neighborhood 

of y. ThusRTr^G'^^E:) = in a neighborhood of y. Then R7r4G^(8)£;(|L7r*(Cy)) = Rn^iG"^ (S)E)hCy = 0. 
Since the spectral sequence 

(1.18) = RPir^iH^G'' ® E ^ Ln* {Cy))) =^ E^+'i ^ i?P+9(R7r,(G^ S (| L7r*(Cy))) 

degenerates, R^iTt,{G^ ® E ® n*{Cy)) ~ 0. By our assumption on G, we have = 0, which is a 

contradiction. □ 

Definition 1.1.11. (1) An object i? G C is 0- dimensional, if R7r*(G^ ® E) is 0-dimensional as an 
object of Coh(y). 

(2) An object i? G C is irreducible, if E does not have a proper subobject except 0. 

(3) For a 0-dimensional object E £ C, we take a filtration 

(1.19) C i^i C F2 C • •• C = S 

such that Fi/Fi-i are irreducible objects of C Then @iFi/Fi^i is the J or dan- Holder decomposition 
oiE. 

Remark 1.1.12. In section [L^ we shall define the dimension of E generally. According to the definition of 
the stability in Definition 11.4.11 we also have the following. 

(1) A 0-dimensional object E is G-twisted semi-stable and a G-twisted stable object corresponds to an 
irreducible object. 

(2) The Jordan-Holder decomposition of E is nothing but the standard representative of the S'-equivalence 
class of E. 

Lemma 1.1.13. Let G be a locally free sheaf on X and Cq the tilted category in Lemma \lA.5\ 

(1) Q G Cg for all x&X. 

(2) For CxiX G 'K~^{y), the Jordan-Holder decomposition does not depend on the choice of x G 7r^^(y). 

(3) Let Qj^QEy^'^^^ be the Jordan-Holder decomposition ofCx, x G 'K^^{y). Then the irreducible objects 
ofCa are 

(1.20) C„(xGX\^-i(y,)), Eyj,{y£Y^,Q<j<Sy). 

In particular, if JiiT:^{G'^ ® E) is a 0-dimensional A-module, then E is generated by (jl.20p . 

Proof. (1) We note that R7r*(G^ ® C^) = 7r*(G'^ «) C^). Hence G Cg- (2) Since the trace map ®G^ 
Ox is surjective, we have a surjective map 

(1.21) i?V,(G^ ®G)^ R'MOx) ^ R^^O^-^y^^J, 
where 7r^^(y),.ed is the reduced subscheme of 7r^^(j/). Since i?^7r,(G^ ® G) = 0, we get 

H\7r-'iy),,^,0^-Hy)^^J = H%Y,R'^^,{0^-^^y)^^J) = 0. 

Then we see that '!T~^{y)Ycd is a tree of smooth rational curves. Let Gyj, j ~ 0,...,Sy be the irreducible 
component of n^^{y)rcd- Since the restriction map R^n^{G^ G) — > i?^7r»(G^ (g) G^Cyj) is surjective, 
i?V*(G^ G|c^^.) = 0. Thus we can write G|c„ = C'c«, ('^j/i)®''''' ® + l)®'""^- Since R^t:^{G'^ 

Oc„ {dyj)) = and ^^G^ Oc,, (dyj - 1)) = o'Og,, {dyj),Oc,, [dy, - 1)[1] G Cg- For x G Cy,, we have an 
exact sequence in Cg 

(1-22) ^ Oc,, {dy,) ^ ^ Oc,, {dy, - 1)[1] ^ 0. 

Hence the Jordan-Holder decomposition of C^; is constant on Gyj. Since 7r~^(y) is connected, the Jordan- 
Holder decomposition of C^; is determined by y. 
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(3) Let E be an irreducible object oiCa- Then we have {i) E = F[l], F Coh(X) or (h) E e Coh(X). In 
the first case, since F G S, we have 7r*(G'^ (E) F) = 0. By Lemma [1.1.101 we have i?^7r*(G^ ® 7^ 

for y € 7r(Supp(i^)), which imphes that there is a quotient — > F' such that 7^ F' G 5 for 
J/ G 7r(Supp(F)). Then we have a non-trivial morphism F[l] — )■ F'[l], which should be injective in Co- 
Therefore 7r(Supp(F)) is a point. In the second case, we also see that 7r(Supp(i?)) is a point. Therefore 
Rtt* (G^ (g) i?) is a 0-dimensional sheaf, (i) li E = F[l], then since 7r*(G^(8)F) = 0, F is purely 1-dimensional. 
Then Hom(C:,, F[l]) = Rom{D{F)[n - 1], ^(C^r) W) 7^ for x e Supp(F), where n = dimX. Hence we 
have a non-trivial morphism Eyj E, y €z 7r(Supp(F)) H Yyr, which is an isomorphism, (ii) If F G Coh(X), 
then IIom(F, C.^:) 7^ for a; e Supp(F), which also implies that F = Eyj for Supp(F) C 7r^^(y) or F = C^; 
for Supp(F) C X\y^. □ 

Remark 1.1.14. Since 7r,(G^ (g) C^;) is a coherent sheaf on the reduced point {y}, the multiplication 7r*(t) : 
Eyj — > Eyj, t E ly is zcTO. Thus H'^{Eyj) are coherent sheaves on the scheme ^'^{y). 

Lemma 1.1.15. Let E he a coherent sheaf such that 7r(Supp(F)) ~ {y} . 

(1) For E G T with Supp(F) C Tr~^{y), there is a filtration 

(1.23) C Fi C F2 C • • • C F, = F 

such that for every Fk/Fk-i, there is Eyj G T and a surjective homomorphism Eyj — )■ Fk/Fk-i in 
Coh{X). 

(2) For E Cz S , there is a filtration 

(1.24) C Fi C F2 C • • • C F, = F 

such that for every Fk/Fk-i, there is Fj,j[— 1] G S and an injective homomorphism Fk/Fk-i — )- 
Eyj[~l] in Coh(X). 

Proof. (1) Since F G T, F contains Eyj in C. Let F be the quotient in C. Then we have an exact sequence 

(1.25) ^ H-^{Eyj) ^ ^ H-^{F) H^{Eyj) E ^ F"(F) ^ 0. 

Hence Eyj G T and H°{F) G T. We set Fi := im{Eyj -J> F) in Coh(X). Since F/Fi G T and Supp(F/Fi) C 
Tr~^{y), by the induction on the support of F, we get the claim. 

(2) Since E E S, there is a quotient F[l] Eyj in C. Let F be the kernel in C. Then we have an exact 
sequence 

(1.26) ^ H-^{F) ^ F ^ H-\Eyj) -> iJ"(F) ^ H°{Eyj) 0. 

Hence F^^j^l] G S and i?-i(F) G S. We set F' im(F ^ H-^{Eyj)) in Coh(X). Then F' is a subsheaf 
of Eyj\—1\ and F is an extension of F' by H~^{F) G 5. Since Supp(iJ~-^(F)) C 7r~^(y), by the induction 
on the support of F, we get the claim. □ 

Lemma 1.1.16. (1) 7r*(7r*(/^-i(j,-))) — > I^^-n^y-^ is surjective. In particular, Hom(J7r-i(.y), Ocj^j (^1)) = 
for all j . 

(2) Ext^(C'7r-i(j/): ^Cbj (^1)) = for all j ■ In particular, 

H\X, Hom{0^-Hy),Oc,, (-1))) = £:a;ti(0,-i(,y), Oc„ (-1))) = 0. 

(3) For a coherent sheaf E on X , F^7r,(F) =0 at y if and only i/ i?^7r,(F|7r-i(j,)) = 0. 

Proof Since = im(7r*(/j,) ^ Ox), (1) holds. (2) Since Hom(Ox, Cc^, (-l)[fc]) = for all j and k, 

the first claim follows from the exact sequence 

(1.27) 0^4-i(,y) ^Ox ^O.-ife) ^0. 

Since II^{X, 'Hom{0^-ii^y),Ocyj (—1))) = 0, the second claim follows from the local-global spectral sequence. 

(3) The proof is similar to [Islj . Assume that F^7r*(F|^-i(j,')) = 0. We take a locally free sheaf V oxvY such 
that — > /j, is surjective. Then (1) implies that ■n*{V) — > /^r-i^j,) is surjective. Hence we have a surjective 
homomorphism ^*(F®") ® ^ I^-i(y)/ I'^-^iyy Then we see that F^tt^F ® Ox I I';,-i(y)) = 0. By 
the theorem of formal functions, we get the claim. □ 

Lemma 1.1.17. Let Eyj, y E be the irreducible objects of Cq- Let E be a coherent .sheaf on X. If 
Hom(F, Eyj[-l]) = for all Ey.j[-l] G S, then E eT. 

Proof We note that Hom(F|^-i(j^), F^^ [-1]) = for all Eyj[-1] G 5. By LemmaHHH] (2), F|^-i(,y) G T. 
Then F^7r»(G^ (g) E^^-^y^) = 0. By Lemma [TXTBl F^7r*(G^ (g) F) = in a neighborhood of y. Since y is 
any point of F^, F^7r,(G^ (K) F) = 0, which implies that E eT. □ 

For a subcategory C of D(X), we set 

(1.28) Cy {F G C|7r(Supp(iJ'(F))) = {y}, i G Z}. 



(1.29) r 
s 



Lemma 1.1.18. Let {S,T) be a torsion pair of Coh(X) and C the tilted category. Assume that 

(i) #i^7r < oo o,nd every object ofCy, y (z Y is of finite length. 

(ii) Cx G C for all X €z X . 

(iii) 7r(Supp(£;)) C for E e S. 

Then the claims of Lemma \L1.15\ and Lemma \1.L17\ hold. 

Proof. By (i) and (iii), irreducible objects are i? = Cx,x G X\n~^{YTr) or irreducible objects of Cy , y G Y-^. By 
(ii), we get Lemnia ri.l.l3l f3). The other claims of Lemma fl . 1 . 1 31 and Lemma fl.l.lSl are obvious. For ^ E E 
S, (i) and Lemma [1.1.151 imply that there is a coherent sheaf Eyj[—1] G S such that liom{E , Eyj[—1]) ^ 0. 
Hence Lemma [TTl. 171 also holds. □ 

Proposition 1.1.19. Assume that = {pi, ■■■■,Pm}- Let G be a locally free sheaf on X and Cg the tilted 
category in Lemma \l.L5\ ForCx,x £ Tr^^{pi), let ffijLo^i^"'^ Jordan-Holder decomposition ofCx, 

where Eij are irreducible objects. 

(1) We set 

s ~{E,,[-i]\t,j}nCoh{X) 

■.={E e Coh(X)| B.oin{E, c) = 0, c G S} 

'.={E e Coh(X)| E is a successive extension of subsheaves o/ c G S }. 

Then {T,S) is a torsion pair o/Coh(X) whose tilting is Cq- In particular, Cg is characterized by 
S. 

(2) Cq is characterized by 

(1.30) E {(DxiE,,) ® Kx[n])[~l]\i, j} n Coh(X) = Dx{{E,,\i,j} n Coh(X)) ®Kx[n-li 
where n = dim X . 

Proof (1) For E G Coh(X), we consider (j) : G(g)7r*(7r*(G"^ ® £;)) E. We set Ei := and E2 := coker0. 
Since Hom(G, [-1]) = for aU E,j, G €T. Hence Ei G T. We shall show that E2 G S. Wc note that 
Rtt^G^ ® El) = TT^G'^ ® El) and Rtt^G^ ® E2) = i?V*(G'^ ® ^^)[-l]- Then Ei,E2[l] G Cg- Since 
Supp(£'2) C U-Lj7r^^(pi), Lemma [1.1. 131 (3) implies that i?2[l] is generated by £^ij. Hence if E2 ^ 0, then 
Hom(i;2[l],c[l]) ^ for an object c G S. Let be the kernel of ^ c in Coh(X). Then £;^[1] G Cg- 
Hence by the induction on the support of E2, we see that E2 G S. Therefore {T,S) is a torsion pair of 
Coh{X). We also see that 

r^{Ee Coh{X)\R^TT4G'' ®E)^ 0}, 

(1.31) ' , 

S = {EeGoh{X)\Tr,{G^ (g)E)^0} 

and Cg is the tilting of Coh(X). 

(2) We note that Cx,x e TT^^ipi) is S'-cquivalcnt to ®j'^QDxiEtj)'»Kx[n]®"-'^ , where DxiEij)(^ Kx[n] G 
Cq. Hence the claim follows from (1). □ 

1.1.2. Local projective generators of C. Let [S, T) be a torsion pair of Coh(X) such that the tilted category 
C satisfies one of the following conditions. 

(1) There is a local projective generator G G T of C, that is, C is the category of perverse coherent 
sheaves or 

(2) C satisfies the following conditions: 

(a) < 00 and every object oi Cy, y £ Y is of finite length. 

(b) 7r(Supp(£:)) C Y^ for E e S. 

We shall give a criterion for a two term complex to be a local projective generator of C. Let Eyj,j G Jy 
be the irreducible objects of Cy. 

Lemma 1.1.20. Let E be an object o/D(X) such that H'{E) = for i ^ -1,0. // Ext^(£:, C;^;) = 0, then 
E is a free sheaf in a neighborhood of x. 

Proof. Since E fits in the exact triangle 

(1.32) ^ H-\E)[1] -^E^ H°{E) H-\E)[2], 
we have an exact sequence 

(1.33) ^ Sxtl,^ iH°iE), Cx) ^ Ext\,^ {E, C,) ^ nomo:, iH-\E),Cx) ^ Sxt^^ {H"iE), C,). 

Since Ext^(£;,C^) = H^{X,8xt]^^{EXx)), £xt]^^{E,(Cx) = 0. Then £xt^„^{H^{E),Cx) = 0, which im- 
plies that L[^{E) is a free sheaf in a neighborhood of x. Then £xtQ^{H'^{E),Cx) = for z > 0. Hence 
nomo^{H-^E),Cx) 0. Therefore H~^{E) = in a neighborhood of x. □ 
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Lemma 1.1.21. Let Eyj, y Cz Y be the irreducible objects of C in Lemma \ 1 . 1 . 1 SI Let Gi be a locally free 
sheaf of rank r on X such that 

(1.34) (a) Hom(Gi,Sj,, [p]) =0,p=^0 (b) xiGu Ey,) > 
for all y,j. 

(1) Gi IS a locally free sheaf If ^ E e S , then tt^GX ® E) = Q and R^ti^{GX ®E)^0. 

(2) If R^TT^{GX®E)=:Q, thenEeT. 

(3) IfOy^ E eT and Supp(£:) C Tr'^^iy), then n^G^ ®E)^Q and R^tt^{GX (E)E)^0. In particular, 
XiGuE)>0. 

Proof. (1) We note that Gi G T by Lemma [1.1. 171 We first treat the case where C is the category of perverse 
coherent sheaves. We consider the homomorphism 7r*(7r*(G|j' (X) E)) (g) Gi — > i?. Then inKp E T O S = 0. 
Since 7r*(G^ (g) im0) = 7r*(G|j' ^ E), we get Tr^,{GX ^ E) ~ 0. Let F 7^ be a coherent sheaf on a fiber and 
take the decomposition 

(1.35) 0^Fi^F^i^2^0 

with Fi e T,F2 e S. Since -Fi,-F2[l] e C, the condition xiGi,Eyj) > imphes that x(Gi,Fi) > 
or x(Gi,i^2) < 0, which imply that 7r*(G^ Fi) or R^n^GX ® F2) 7^ 0. Since 7r,(G^ ® i^i) is a 
subsheaf of tt^G/ ® F) and i^^Tr^G^ ® i^2) is a quotient of i?i7r,(G^ ® F), we get RTr^G^^ F) ^ 0. 
Then we can apply Lemma 1 1.1. 101 to E and get i?"'^7r*(G^ (8) i^i^-ij^j^)) ^ for y e 7r(Supp(£')). Since 
i?V*(Gi (g) F) — )■ i?^7r*(Gi (8) £'|7r-i(y)) 7^ is surjective, we get the claim. 

We next assume that < 00. Then E[l] is generated by Eyj. Hence (|1.34|) imply that x(Gi, i?[l]) > 
and Rn^iGX (g> E[l]) € Coh(r). Hence R'^7t^{GX ® E) ^ and 7r*(G^ (g F) = 0. 

(2) For E G Coh(X), we take a decomposition 

(1.36) 0^Fi^F^£;2^0 

such that El eT and £'2 G 5. If i?V*(G^ F) = 0, then (1) implies that E2 = 0. 

(3) By Lemma [1.1.151 we may assume that F is a quotient of Eyj, Eyj G T in Coh(X). Since Eyj is 
irreducible, (/) : Eyj — > is injective in C. We set F := ker{Eyj — > E) in Coh(X). Then F e S and F[l] is 
the cokernel of cj) in C. Hence 7r*(Gi (g) F) = by (1). By our assumption, n^{GX (g F.yj) 7^ 0, F^j G T and 
i?"^7r*(G^ (g) Fyj) = 0. Therefore our claim holds. □ 

Proposition 1.1.22. Let Gi be an object of'D{X) such that II^{E) = for i ^ —1,0 and satisfies 

(1.37) (a) Hom(Gi,Fy,[p]) = 0,P7^ (6) x(Gi,F,,) > 0. 

(1) Gi is a locally free sheaf on X . 

(2) i?i7r*(G^(gGi) = 0. 

(3) ForE& Coh(X), F G T if and only ifR^n^GX^E) = 0, andE eS if and only ifn^GX^E) = 0. 

(4) Gi is a local projective generator of Cq- 

Proof. (1) The claim follows from Lemma [1.1.201 and (a). (2) It is sufficient to prove that i?^7r*(G^ g) 
Gi|7r-i(y)) = for all y G Yt^. By Lemma [1.1.171 Gi G T. Since Supp(Gi|^-i(j,)) = TT~^{y) and Gi|^-i(j,) G T, 
Lcmma ll. 1.151 (1) implies that Gi|^~i(j^) G F is a successive extension of quotients of Eyj G T. Hence it is 
sufficient to prove f?^7r,(G^ g) Q) = for all quotients Q of Eyj G T. By our assumption on Gi, we have 
R^TT^iGX g) Eyj) = for Eyj G T. Therefore the claim holds. 

(3) We set 

Ti ■.^{EeGoHX)\R'7r,iGX®E)^0}, 
Si:^{EeCoh{X)\T:4GX ®E)^0}. 

By Lemma [1X21] (2), we get 

(1.39) Fi n S"! C T n S*! = {F G F|7r,(G;' ® F) 0}. 

If F n S*! =0, then Lemma [1.1. 51 (1) implies that Gi is a local projective generator of Cgi- Since Gi G F 
by (2), Lemma [1.1. 51 (3) also implies that C = Cqi- Therefore we shall prove that F n =0. Assume that 
F G F satisfies tt* (G^ g) F) = 0. We first prove that FV* (G/ (g F) = 0. By Lemma [TXTBl it is sufficient to 
prove R^TT^{GX®E\^-i(y)) = for aU y G F. This follows from Lemma [0121] (3). Hence Rvr^G^gjF) = 0. 
Then we see that R7r*(G^ (g F|^-i(j,)) = for all y G y by the proof of Lemma [1.1. 101 Since F|^-i(j,) G F, 
Lemma [l. 1.211 (3) imphes that F|^-i(j^) = for all y £Y. Therefore F = 0. 

(4) This is a consequence of (3) and Lemma [1.1.51 (2). □ 

Remark 1.1.23. If Gi in Proposition 11.1.2"^ satisfies (|1.37p (a) only, then the proofs of Lemma [1.1.211 and 
Proposition II. 1 .2^ implv that Gi is a locally free sheaf such that R^tt^,{GX g) Gi) = and R7r*(Gy g) F) G 
Coh(y) for F G Cg. 
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Lemma 1.1.24. Let {S,T) he a torsion pair o/Coh(X) and C its tilting. Assume that one of the following 
holds. 

(i) C is the category of perverse coherent sheaves. 

(ii) < oo, Cy is Artinian and 7r(Supp(£^)) C Y^^ for E <E S . 
Let Gi be a locally free sheaf of rank r on X such that 

(1.40) x{GuEy,)>0. 
Then YloTa{Gi,Eyj[k]) = 0, ^ if and only if R^tt^{GX ® Gi) = 0. 

Proof Assume that R^tt^{GX ® d) = 0. We first prove that Gi G T. Assume that Gi ^ T. Then there 
is a surjective homomorphism Gi — > in Coh(X) such that E ^ S. If C lias a local projective generator 
G, then ir^iG'^ (g) E) = 0. By Lemma [TXTUl we have R^t:^{G^ ® -B|^-i(y)) 7^ for a point y eY. Hence 
we may assume that Supp(£') C 7r~^(y). In the second case, since 4f^-K < 00, we may also assume that 
Supp(£') C Tr~^{y). Then £'[1] is generated by Eyj, < j < Sy. By our assumption, x(Gi,i?[l]) > 0. Hence 
Ext^Gi, £;) ^ 0, which implies that i^^Tr^G^ ® Gi) ^ 0. Therefore Gi G T. For E'^^j G T, we consider the 
homomorphism (j) : 7r*(7r,(G^ (8) Eyj)) (8) Gi — >■ Since E'yj is an irreducible object, (j) is surjective in Cq, 
which implies that is surjective in Coh(X). Hence Ext^{Gi, Eyj) ~ 0. For Eyj G 5'[1], dim7r~^(y) < 1 and 
the locally freeness of G\ imply that Ext^(Gi, iS^j) = 0. Since G\ G T, we also get Hom(Gi, £'yj[— 1]) — 
for all irreducible objects of C. □ 

Lemma 1.1.25. Let G be a locally free sheaf on X such that R^ir^^lG^ ® G) = 0. Let E be a 1- dimensional 
sheaf on a fiber of tt such that xiG,E) = 0. Then R7r*(G^ ® E) = if and only if E is a G-twisted 
semi-stable sheaf with respect to an ample divisor L on X . 

Proof. By the proof of Lemma Fl.l.SI (1). we can take a decomposition 

(1.41) 0^Ei^E^E2^0 

such that R7r,(G^ ® Ei) = 7r,(G^ (E) E) and R7r,(G^ ® E2) = R^tt^G'^ (E) E)[-l]. Then xiG,Ei) > > 
x(G, £'2). Hence if E is G-twistcd semi-stable, then 7r*(G^ (E) Ei) = tt, (G^ (E) E) = 0, which also implies that 
R^TT^iG"^ E)E)=0. Conversely if tt^G^ (E E) = R^n^G'^ (gE) = 0, then 7r*(G^ (E E') = for any subsheaf 
E' of E. Hence E is G-twisted semi-stable. □ 

Corollary 1.1.26. Assume that ir : X Y is the minimal resolution of a rational double point. Let H 
be the pull-back of an ample divisor on Y . Then a locally free sheaf G on X is a tilting generator of the 
categery Cg in Lemma \LL5\ if and only if 

(i) i?i7r*(G^®G) =0 and 

(ii) there is no G-twisted stable sheaf E such that rkE = 0, xiG"^ (E E) ~ 0, {ci{E),H) = and 
{c,{Ef) = -2. 

Moreover (ii) is equivalent to rkG /(ci(G),L') for D with {D,H) = and {D^) = -2. 

Proof. Let £' be a 1-dimensional G-twisted stable sheaf on X. Then E' is a sheaf on the exceptional locus if 
and only if (ci(i?), iJ) =0. Under this assumption, we have x(^', -E) = — (ci(£')^) > 0. Hence (ci(£^)^) = —2. 
By Lemma ri. 1.251 we get the first part of our claim. Since x{G,E) = — (ci(G), ci(£')) + ikGxiE), we also 
get the second claim by |Y6[ Prop. 4.6]. □ 



1.2. Examples of perverse coherent sheaves. Let tt : X — > F be a birational map in subsection 1 1 . 1 1 with 
Assumption 1 1.1. 41 Let G be a locally free sheaf on X such that R^n^ (G^ (g) G) = 0. Wc set A := tt, (G^ ® G) 

L 

as before. Let be a coherent ^-module on Y. Then Rtt, ((tt (F) ®Tr-i{A) G) ® G^) = as an ^-module. 
By using the spectral sequence, we see that 

(1.42) i?P^,(G^ E) m{^-^{F) l^-i(^) G)) = 0, p + g ^ 
and we have an exact sequence 

(1.43) ^ R^TT^G'' E) H-\t:~\F) E)^-i(^a) G)) ^ F \ tt^G'^ E) H°{Tr-\F) E)^-i(a) G)) ^ 0. 
Wc set 

(1.44) T^~\F) ®n-^{A) G := H'^iTT-\E) ®^-^a) G) G Coh(X). 
We set 

So ■.={E G Coh(X)|R7r,(G^ E) E) = 0}, 

(1.45) S ■.={E eCoh{X)\Tr4G'' ®E) ^0}, 

T -.^{E G Coh(X) I i^V^G"" E)E)=Q, Hom(£;, c) = 0, c G 5*0}. 
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Lemma 1.2.1. For E <E Coh{X), let (/> : tt -^(7r,(G'^ ® E)) ®Tr-^{A) G ^ E be the evaluation map. 

(1) Rtt^G^ ® ker0) = 0, 7r*(G^ <g) coker0) = and i?i7r,(G^ ® -B) ^ EV^G^ ® coker0). 

(2) (5, T) is a torsion pair of Coh{X) and the decomposition of E is given by 

(1.46) O^im(/)^£;-^coker0->O, 
im(p Cz T, coker(/) G S. 

Proof. (1) We have a homomorphism 

(1.47) ^4G^ ® £;) ^ ^,(G^ (E) 7r-i(7r4G^ ® i;)) G) "'(^-S^®"^) ^^(G^ ^ £;) 

which is the identity. Then A and 7r^(l(3v(g)(^) are isomorphic. Hence we get im7r^(l(3v®(^) = 7r,(G^C>5im0) = 
7r,(G^ ® £;). Since R^n^iG^ ® tt-^{-k^{G^ ® E)) G) = 0, we get R7r,(G^ ® ker0) 0. Since 

R^'Kf:{G^ (gD im(/)) = 0, we also get the remaining claims. 

(2) We shall prove that im S T. If im ^ T, then there is a homomorphism -0 : im </>—>■ such that 
F £ S. Replacing F by im^/i, we may assume that ■0 is surjective. Since t/j o cj) is surjective, Hom(G, F) ^ 0, 
which is a contradiction. Therefore im G T. Obviously we have S OT ^ {0}. Therefore {S, T) is a torsion 
pair. □ 

Let C(G) be the tilting of Coh(X). Then C(G) is the category of perverse coherent sheaves in the sense 
of Definition 1 1.1. II Indeed we have the following. 

Lemma 1.2.2. (cf [VBl Prop. 3.2.5]; Let G be a locally free sheaf on X such that R^t:^{G'^ (g) G) = 0. Let 
C{G) be the associated category. Then there is a local projective generator of C{G). 

Proof. Let L be a line bundle on X such that G^ (g) L is generated by global sections and det(G^ ® L) is 
ample. We take a locally free resolution — L_i Lq ^ L ^ Q such that i?^7r*(LQ (g) G) = 0. Then 

(1.48) R7r*(L'' ® G)[l] = Conc(7r4L^ ® G) ^ tt*{L\ ® G)). 

We take a surjective homomorphism V — > 7r*(L^j^ (g) G) from a locally free sheaf V on Y . Then we have 
a morphism 7r*(y) (g L — >■ L7r*(R7r*(L^ ig) G))[l] (g L — > G[l], which induces a surjective homomorphism 
y R^TT^lL"^ (g G). Hence we have a morphism 

(1.49) L^G[l]®Tr*{V)'^ 
such that the induced homomorphism 

(1.50) V 7r4-Hom(G[l], G[l])) (E)V ^ R^ti^{L^ g) G) 

is surjective. We set E := Cone(L G[l] ® 7r*(y)^)[— 1]. Then is a locally free sheaf on X and 
4> : 7r*(7r*(G^ ® E)) ® G E \s surjective by our choice of L. By ()1.50p and our assumption, we have 
R^7T^{E'^ (g G) = 0. For F € T, we consider the evaluation map (p : 7r*(7r*(G^ (S) F)) (S) G -i' F . The proof of 
Lemma ll.1.51 (1) implies that cokenp € Sq. By the definition of T, coker(p = 0. Thus ip is surjective. Hence 
R^TT^iE'^ (g F) = for F eT. 

For F & S, the surjectivity of implies that 7r,(£'^ ®F)=0. If F ^ Sq, then i?i7r,,(G^ (g F) 7^ 0, which 
implies that R^tt^{E'^ ® F) 7^ 0. Assume that F e Sq- Then since R7rH.(G^ g) F) = for F e 5'o, we have 
i?i7r*(F^ (g F) i?V,(i^ g) F). Assume that i?V,(i^ g) F) = and F 7^ 0. Let W be an irreducible 
component of Supp(F). Then F contains a subsheaf F' whose support is contained in W. If ^ F is 
generically finite, then 7r»(G^ (g F') 7^ 0, which is a contradiction. Therefore dimF' = dim7r(F') + 1. For a 
point y e 7r*(F'), we can take a homomorphism ^ : 0®'''^'^' ^ ^ (jv ^ ^ such that '0|7r-i(j/) is injective for 
any point of 7r^^(y). Then coker ijj is a line bundle in a neighborhood of Tr^^{y). Since tt is proper, there is 
an open neighborhood U oi y such that coker-^^-i^f/-) is a line bundle. Hence we have an exact sequence on 

7r-i(f/): 

(1.51) ^ 0®[f^^] (G^ ® i)|.-i(c/) ^ G ^ 0, 

whereG := cokerTA^-ij^/j/O^-ij^/). We may assume that Supp(G)|7r-i(.y) isafiniteset. Then Supp(F'®G) 
Y is generically finite. Hence tt, (F' (g G (g F^) 7^ 0, which implies that 7r*(F (g G (g F^) 7^ 0. On the other 

L 

hand, our assumptions impliy that Rtt, (F ® G ® i^) =0. Since the spectral spectral sequence 

(1.52) Ff = RPir^H^F ® G (g L^)) =^ F^+9 = i7P+''(R^*(F (g G (g F^)) 

degenerates, we have tt, (Fg)G® L^) = 0, which is a contradiction. Hence F^7r»(L^g)F) 7^ for all non-zero 
F e 5*0. Then Gi := G ® F satisfies 

7r,(G^ (g F) 7^ 0, R^7r,{G"( ®F)=0, 07^Fer 

^^■^^^ 7r,(G^ ® F) = 0, R\,{Gt ® F) 7^ 0, 7^ F e S*. 



Therefore Gi is a local projective generator of C{G). 



□ 



We set 

S* ■.={Ee Coh{X)\T:^{G"' ® E) = 0, Hom(c, = 0, c e So}, 
^^■^^^ T* ■.={E e Coli(X)|i?i7r4G'' «) = 0}. 

Lemma 1.2.3. {S*,T*) is a torsion pair o/ Coh(X) and the tilted category C{G)* has a local projective 
generator. 

Proof. We set 

S'o ■.={E e Coh(X)|R7r*(G (g> E) ^ 0}, 

(1.55) Si:={E eCoh{X)\Tr,{G(E)E)^Q}, 

Ti ■.={E e Coh{X)\R\^{G ® E) = 0, Hom(£:, c) = 0,c G S'^}. 

Then {Si,Ti) is a torsion pair of Coh(X) and Lemma [1.2.21 implies that the tilted category C(G^) has a local 
projective generator © Ei, where Ei is a locally free sheaf on X such that (f> : 7r*(7r* (G® (g) G^ — >■ i?i 
is surjective and R}-k^{G^ ® Ei) = 0. By Lemma fl. 1.81 {SP,Tf) is a torsion pair of Coh(X). We prove 
that C(G)* = C(G^)'" by showing (5"? ,T/') = (S'*,r*). By the surjectivity of 0, we have 

(1.56) Tj^ = {-E e Coh(X)|i?V*(G'' ® £:) = R\^iEi ® E) = 0} = T*. 

For a coherent sheaf £■ with tt* (G"^ (g) £;) = 0, we consider ip : tt* (tt* {Ei ig) E)) ig) E]^ ^ E . Then im t/j e T/^ = 
T* and coker?/; g S'f. Since tt* (G^ (X)imi/)) = 0, imip € So- Therefore ii E € S*, then imip = 0, which means 
thatSe S'f. Conversely if S e Sf, then 5*0 C T/^ implies that € S*. Therefore (S'f, Tj^) = (5*,T*). □ 

Let iJyj, y G y,r be the irreducible objects of C in Lemma [1.1.131 (3). 
Lemma 1.2.4. We set Soy := {E e 5'o|7r(Supp(i?)) = {y}}- Then Soy[l] is generated by {Eyj\Eyj e So[l]}. 
Proof. For an exact sequence 

(1.57) 0^Ei^E^E2^0 
in C, we have an exact sequence 

(1.58) ^ R7r,(G'' ® Ei) Rtt^G^ ® £;) ^ R7r*(G'^ ® Sa) -> 

in Coh(y). If £; e Sq[1], then R7r*(G^ ® ^i) = R7r*(G^ ® E2) = 0. Then R7r*(G^ ® H-^{Ei)) = 
Rtt^G'^ ® H'^{E2)) ^ and Rtt^G^ g H°{Ei)) = Rtt^{G'^ g H°{E2)) = 0. By the definition of T, 
H^{Ei) = H°{E2) = 0. Hence Ei,E2& So[l]. Therefore the claim holds. □ 

By the construction of C(G) and C{G)* . we have the following. 
Proposition 1.2.5. We set Aq 7r*(G^ ® G). Then we have morphisms 

c{G) ^ Coh^o(r) 

^ ' E ^ R7r,(G^®£;) 



and 



(1-60) J, _ .r^v 



C(G)* ^ Coh^„(y) 
E ^ Rn^G^'gE). 



Let r^-i : D(X) D(X) be the trancation morphism such that HP{t^-'^{E)) = for p < -1 and 
HP{t^-'^{E)) = HP{E) for p > -1. By pnS)) . we have 

H''(7r-i(F)®,-i(^)G)e5o, -z^-1,0, 
(1.61) ^ 

S(J^) T^-\n-\F) G) e C(G). 

Thus we have a morphism S : Coh^„(y) C{G) such that Rtt^G^ E(F)) = F for F e Coh^„(y). 
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1.2.1. PPcr(X/y), p = —1,0 and their generalizations. If Sq = {0}, then G is a local projective generator 
of C(G). We give examples such that 5*0 ^ {0}. For y G Yj^, we set Zy := TT^^{y) and Cyj, j = l,...,Sy 
the irreducible components of Zy. Assume that 'R^T^,{Ox) ~ Oy- Then Sq for Ox contains Ocyj{—i), 
y ^ Ytt. In this case, C{Ox) is nothing but the category Pct{X/Y) defined by Bridgeland. We also have 
C{Ox)* = C{0'^)'^ =° Per(X/y). We shah study 5*0 containing line bundles on Cyj, y S Y^. For this 
purpose, we first prepare some properties of 5*0 for Ox- 

Lemma 1.2.6. (1) Let E be a stable 1-dimensional sheaf such that Supp(i?) C Zy and x(£') = 1. 

Then there is a curve D d Zy and E = Od- Conversely if Od is purely 1-dimensional, xiOn) = 1 
and n(D) = {y}, then Od is stable. In particular, D is a subscheme of Zy. 
(2) Ozy is stable. 

Proof. (1) Since x(£') — 1, 7r»(i?) ^ 0. Since t:*{E) is 0-dimensional, we have a homomorphism Cj, — > 7r^{E). 
Then we have a homomorphism (j) : Oz,, ~ '^*{'Cy) E. We denote the image by Od- Since R^tt^,{Ox) = 0, 
we have H^{X,Od) = 0. Hence xi^o) > 1- Since E is stable, (p must be surjective. 

Conversely we assume that Od satisfies x{Od) — 1- For a quotient Od Oc, H^{X,Oc) — implies 
that x(C'c) > 1, which implies that Od is stable. 

(2) By Ozy = 7r*(Cj^) and the surjectivity of <Cy 7r,(7r*(Cy)), we get x(C'z„) = 1. Hence Ozy is 
stable. □ 

Lemma 1.2.7. (1) Let E be a stable purely 1-dimension sheaf such that 7r(Supp(£^)) — {y} and x{E) = 
0. Then E = Ocy,{-l)- 

(2) Let E be a 1-dimensional sheaf such that R7r*(i?) = 0. Then E is a semi-stable 1-dimensional sheaf 
with xi^) = 0. In particular, E is a successive extension of Ocyj{—^), y (zY, 1 < j < Sy. 

Proof (1) We set n dimX. We take a point x e Supp(i;). Then (C^;, E) =Cj:h E[-n + 1]. Since 

E is purely 1-dimensional, depth^^ ^ E^ = 1. Hence the projective dimension of £' at a: is n — 1. Then 

Tor'!;l^^{<C^,E) ^ H°{<C^® E[-n + l]) ^ 0. Since Ext^(C:r,£^) = H^{X,£xt\j^{<C^,E)) ^ 0, we can take a 
non-trivial extension 

(1.62) E ^ F ^C.^^Q. 

If F is not semi-stable, then since x{P) — Ij there is a quotient F ^ F' oi F such that F' is a stable sheaf 
with x{P') ^ 0- Then E —> F' is an isomorphism, which is a contradiction. By Lemma fl.2.61 F = Od- 
We take an integral curve C C D containing x. Since Od — 'Cx factor through Oc, we have a surjective 
homomorphism E Oc{-l)- By the stability of E, E'^ Oc(-l)- 

(2) Let F be a subsheaf of E. Then we have 7r*(i^) = 0, which implies that x(^) ^ 0- Therefore E is 
semi-stable. □ 

We shall slightly generalize ~^ Pct{X/Y). Let G be a locally free sheaf on X. 

Assumption 1.2.8. Assume that R^n^(G^ (8) G) = and there are line bundles Oc {byj) on Cyj such that 
R7r*(G^®Oc„(6j,j)) =0. 

Lemma 1.2.9. (1) Let E be a locally free sheaf of rank r on X such that E\Cyj — C'c'" • Then E is 
the pull-back of a locally free sheaf on Y . 
(2) G^®G^7r*(7rH.(G^(8)G)). 

Proof. (1) We consider the map 4> ■ H^{E\Zy) ® ^^Zy ^ ^\Zy- For any point x € Zy, we have an exact 
sequence 

(1.63) ^ ^ Cz„ ^ C:r ^ 

such that Rtt, (Fa;) = 0. By Lemma [1.2.71 (2) and our assumption, we have R7r*(F ® F^) = 0. Hence 
H^{E\Zy) H'^{E\{x}) is isomorphic and II^{E\Zy) = 0. Therefore is a surjective homomorphism of 
locally free sheaves of the same rank, which implies that (f) is an isomorphism. By i?^7r, (F) = (Lem. 11.1.161 
(3)) and the surjectivity of T^*{T^*{Izy)) — > Izy, R^t^*{E Izy) = 0. Hence ^^.{E) — > ■K^{E\Zy) is surjective. 
Then we can take a homomorphism O^'" — > 7r,(F)[[/ in a neighborhood of y such that O®"" — >■ iTt{E\Zy) 
is surjective. Then we have a homomorphism ■k*{0®^) — F|^-i([/) which is surjective on Zy. Since tt is 
proper, replacing J7 by a small neighborhood of y, we have an isomorphism tt*{0®^) — >■ F|^-i([/). Therefore 
F is the pull-back of a locally free sheaf on Y . 

(2) Since G^ ® ^Cy.ibyj) is a locally free sheaf on Cyj with R7r,(G^ -g) Ocy^ibyj)) = 0, we have G^ ® 

OcyAhi) = Oc„ (-l)®*^. Hence G|c„ = Oc„, (l)®*'^ (^c,,(6,,). Hence G^ « G|c„, = ogf By 
(1), we get the claim. 

□ 
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Lemma 1.2.10. For E <E Coh{X), we have 

(1.64) Tr-\TT,{G'' (g> E)) G ®Ox G"" = ttV^G"" (g> E). 

Proof. By Lemma [1.2.91 we get 

(1.65) 

7r-i(^4G^ ® E)) G ®Ox =7r-i(^,(G^ ® E)) Tr-\n,{G <E>Ox G'')) «).-i(o^) Ox 

=7r-i(^,(G^®S))®,-i(o,.)Ox 
-7r*(7r4G'' ®£;)). 

Therefore the claims hold. □ 
Lemma 1.2.11. A-module it^:{G^ ®'Cx) does not depend on the choice of x S 7r~^(y). We set 
(1.66) Ay := ■k-^{ti^{G"' ® C^)) ®^-ha) G, x e Zy. 

Proof. For the exact sequence 

(1-67) ^ Oc,, (byj) -> Oc,, (&,, + 1) ^ ^ 0, 

we have 7r*(G^ Ocyj{byj + 1)) = 'Kt{G'^ ® Cx). Hence n^^^G^ (X) C^,) does not depens on the choice of 

X G Zy. □ 

Lemma 1.2.12. (1) Ay is a unique line bundle on Zy such that Ay\c = Ocyj{byj + 1). 
(2) G^(8 Ay ^O®*^. 

Proof By LemmaOIOl G'^ (® Ay = 7r*(7r,(G^ ® C^)) Ofj''^. Thus (2) holds. Since G|z„ is a locally 
free sheaf on Zy, Ay is a line bundle on Zy. Then A®'^'^'^ = detG|2^. Since the restriction map Pic(Zj,) 
Pic(Gyj) is bijective and Pic(Gyj) ^ Z, G|c„, = Oc„ (&yj + 1)®'''^'^ imply the claim (1). □ 

Lemma 1.2.13. For a coherent sheaf E with Supp(£') C Zy, x{G,E) E ZrkG. 

Proof. We note that K{Zy) is generated by Ocyj{byj) and C^. For E with Supp(i?) C Zy, we have a 
filtration C Fi C F2 C ■ ■ ■ C F„ = E such that Fi/Fi^i E Coh(Zj,). Hence the claim follows from 
X(G, Ocy, {by,)) = and x(G, C,) = rk G. □ 

Lemma 1.2.14. (1) Let E he a G-twisted stable 1- dimensional sheaf such that Supp(ii') C Zy and 
x{G,E) = rkG. Then there is a subscheme G of Zy such that xi^c) = 1 '"^'^ E = Ay ® Oc- 
Conversely for a subscheme G of Zy such that Oc is 1- dimensional, x{Oc) = 1, -E = Ay ® Oc is 
a G-twisted stable sheaf with x{G,E) — rkG and 7r(Supp(£')) = {y}- 
(2) Ay is G-twisted stable. 

Proof. (1) We choose an exact sequence 

(1.68) O^K^E^Cx^O. 

Since is a G-twisted stable 1-dimensional sheaf with x{G,E) = rkG, isT is a G-twisted semi-stable sheaf 
with x(G, A') = 0. If7r,(G^®i^) 7^ 0, then we have a non-zero homomorphism </>: 7r^^(7r*(G^(X)i4r))(8)7r-i(_4') 
G ^ K such that 7r,(G^ (g) im0) = 7r,(G^ ® K). Since i?^7r*(G^ (g) imc^) = 0, x(G,im(/)) > 0, which 
is a contradiction. Therefore 7r*(G^ i^T) =0. Hence ^ : 7r,(G^ ® E) ^ ■k^,{G'^ ® ^x) is injective. 
Since dim 7?° (y, tt* (G^ g) i?)) > x{G,E) = rkG, ^ is an isomorphism. Then we have a homomorphism 
tp:Ay^E. Since 7r,(G^ (gim?/') = ■k^.{G'^ ®E) and i?i7r*(G^(8)imV') = 0, we get imil} = E. Since E^A'^, 
Ay := 'Hom{Ay,Ozy) is a quotient of Oz^, there is a subscheme G of Zy such that i5 (g) Ay = Oc- Since 
X(G, E) = x(G, Ay ® Oc) = x(OS'^'''), we have x(Oc) = 1- 

Conversely for E ® Ay = Oc such that Oc is 1-dimensional, G C Zy and x(Cc) = 1, we consider a 
quotient E F. Then F = Ay ® Or,, D C G. Since W-it^{G^ ® F) = and G'' ® Ay ® Ozj 0®''=^, 
we get x{G,F) > rkG. From this fact, we first see that E is purely 1-dimensional, and then we see that 
G-twisted stable. 

(2) follows from (1) and x(CzJ = 1. □ 

Lemma 1.2.15. Let E be a G-twisted stable purely 1-dimension sheaf such that 7r(Supp(i?)) = {y} and 
X(G, E) = 0. Then E = Ay® Ocy, (-1) = Oc„, {by,). 

Proof. We set n := dimX. We take a point x € Supp(ii;). Then £xtlj^{Cx,E) = E[-n + 1]. Since 

E is purely 1-dimensional, depth^^ ^ Ex = 1. Hence the projective dimension of F at a; is n — 1. Then 



Tor^^^{<C^,E) = H"{C^ I E[-n+l]) ^ 0. Since Ext\C^,E) = H°{X,£xt}j^{<C^,E)) ^ 0, we can take a 
non-trivial extension 

(1.69) 0-^£'^F^C^->0. 

If F is not G-twisted semi-stable, then since x{G, F) = rkG, there is a quotient F ^ F' oi F such that F' 
is a G-twisted stable sheaf with x(G, F') < 0. Then E' — J- F' is an isomorphism, which is a contradiction. 
By Lemma ri.2.14[ F is a quotient of Ay. Thus we may write F = Ay (E) Od, where D is a subscheme of Zy. 
We take an integral curve C C D containing a;. Since Ojj — >■ C^, factor through Oc, we have a surjective 
homomorphism E Ay <^ Oc(-l). By the stability oi E, E = Ay <S) Oci-l)- □ 

Lemma 1.2.16. Let E be a 1- dimensional sheaf such that x{G,E) = and 7r(Supp(F)) — {y}. Then the 
following conditions are equivalent. 

(1) R7r,(G^«)F) =0. 

(2) E is a G-twisted semi-stable 1-dimensional sheaf with 7r(Supp(F)) = {y}. 

(3) E is a successive extension of Ay ® Ocyj{—^), ^ < j < Sy. 

Proof. Lemma ri.l.25l givcs the equivalence of (1) and (2). The equivalence of (2) and (3) follows from Lemma 

\rrm □ 

Lemma 1.2.17. Let E be a 1-dimensional sheaf such that 7r*(G, F) = 0. Then there is a homomorphism 
E — > Ay ® Oc„^. (— 1). In particular, E is generated by subsheaves of Ay ® Oc„^. (— 1), y , 1 < j < Sy. 

Proof. Since 7r(Supp(£')) is 0-dimensional, we have a decomposition E = (BiEi, Supp(£'i) n Supp(£'j) = 0, 
i ^ j. So we may assume that 7r(Supp(£')) is a point. We note that x{G,E) < 0. If x(G,F) = 0, then 
xiR^TT*{G'^ O E)) = 0. Since dimF = 1 and 7rH,(G^ E) ^ 0, we get dim7r(Supp(F)) = 0. Then we have 
R^TTtiC^ ^ E) = 0. Hence the claim follows from Lemma [1.2. 161 We assume that x(G,F) < 0. Let 

(1.70) C Fi C F2 C • • • C = F 

be a filtration such that F,; := Fi/Fi_i, 1 < i < s are G-twisted stable and x{G , Ei) / {ci{Ei) , L) < 
x(G, Fi_i)/(ci(Fi_i), i), where L is an ample divisor on X. Since 7r*(G^ (E) E) ^ for any G-twisted 
stable 1-dimensional sheaf E on a fiber with x{G,E) < 0, replacing F by a G-twisted stable sheaf Es, we 
may assume that F is G-twisted stable. We take a non-trivial extension 

(1.71) O^F^F^C^^O. 

Then F is purely 1-dimensional and x(G,F) — x(G,F) + rkG < by Lemma 11.2.131 Assume that 
there is a quotient F ^ F' of F such that F' is a G-twisted stable sheaf with x(G,F')/(ci(F'),i) < 
x(G,F)/(ci(F),F) < 0. Then </> : F ^ F' is surjective over X \ {x}. Hence x(G, F')/(ci(F'), L) > 
x(G,im<;f.)/(ci(im</.),F) > x(G, F)/(ci(F), F). Since (ci(F'), i) < (ci(F),F) - (ci(F), i), we get x(G, F') > 
x(G,F)(ci(F'),F)/(ci(F),i) > x{G,E). If x(G, F') = x(G,F), then is an isomorphism. Since the ex- 
tension is non-trivial, this is a contradiction. Therefore F is G-twisted semi-stable or x(G,F') > x{G,E). 
Thus we get a homomorphism ip : E ^ E' such that F' is a stable sheaf with x{G, E) < x(G, F') < and 
ip is surjective in codimension n — 1. By the induction on x{G,E)^ we get the claim. □ 

Lemma 1.2.18. For a point y G Y^r, let E be a 1-dimensional sheaf on X satisfying the following two 
conditions: 

(i) RorniE, Ay (E> Oc,,hl)) ^ Ext\E, Ay (E> Oc,,{~l)) ^ for all j . 

(ii) There is an exact sequence 

(1.72) O^F^F^Cx^O 

such that F is a G-twisted semi-stable 1-dimensional sheaf with 7r(Supp(F)) = {y}, x{G,F) = 
and X € Zy. 

Then E = Ay. Conversely, E := Ay satisfies (i) and (ii). 

Proof. We first prove that Ay satisfies (i) and (ii). For the exact sequence 

(1.73) Q^F' ^Ay^C,^ 0, 

we have R7r*(G,F') = 0. Hence (ii) holds by Lemma [1.2. 161 (i) follows from Lemma [1.1. 161 Conversely we 
assume that F satisfies (i) and (n). By (n), tt*{G^ ® E) 7r»(G^ ® C^) and i?V,(G^ (g) F) = 0. By (i), 
Lemma [1 . 2 . 1 1 and Lemma [1.2.16) 7r~^(7r»(G^ ® F)) ®Tr-i-{OY) G — > F is surjective. Hence we have an exact 
sequence 

(1.74) ^ F' ^ Ay ^ F ^ 0, 

where F' is a G-twisted semi-stable 1-dimensional sheaf with x(G, F') = 0. Since Ext^(F, Ay<SiOcyj (—1)) = 
for ah j, Ay = E® F', which implies that Ay = E. □ 

15 



We set 

(1.75) Ey, 



Ay, J = 0, 

Ay®Oc,^{-l)[ll j>0. 



Proposition 1.2.19. 

(1) Eyj, j — 0, are irreducible objects of C{G). 

(2) Cx, X G 7r^^(j/) is generated by Eyj. In particular, irreducible objects of C{G) are 

(1.76) C„(xeX\7r-i(n)), Eyj,{y eY,, J ^0,1,... ,sy). 
Proof. (1) Assume that there is an exact sequence in C{G): 

(1.77) 0^Ei^Ay^E2^ 0. 

Since H^^{Ei) ^ 0, Ei eT and 7r,(G'^ (g)iJi) = 7r,(G'^(K)Ay) = C®'''^'^. Hence we have a non-zero morphism 
Ay El. Since llom{Ay,Ay) ^ C, E'l = Ay and = 0. For Ay (E) Oc^i (^l)[l]i assume that there is an 
exact sequence in C{G): 

(1.78) O^Ei^Ay® Oc,, (-1)[1] -^E2^Q. 

Since Il'^{E2) = 0, we have i?2[— 1] G 5. Then Lemma [1.2.171 imphes that we have a non-zero morphism 
E2^ Ay(g> Oc„ (--l)[l]. Since Hom(Aj, (g> Oc,, (-1)[1], (g> Oc,, = C, we get Ei = 0. Therefore 

Ay (E) Ocy, (-1)[1] is irreducible. □ 

We give a characterization of T. 

Proposition 1.2.20. (1) For E G Coh(X), the following are equivalent. 

(a) EeT. 

(b) iiom{E, Ay ^ Oc,,{-l)) - for all yJ. 

(c) (j) '■ 7r~-^(7r*(G'^ (g) E)) G ^ E is surjective. 
(2) // f'cj holds, then kcv G 5*0. 

Proof. (1) is a consequence of Lemma 11.2.11 and Lcmma ll. 1.171 

(2) The claim follows from Lemma [1.2.11 □ 

We note that G (g) 'Homoz^{Ay,Ozy) = Cfj'*"^- Then we have 'Homozy{Ay,Ozy) = 7r-^{Tr^{G (g) 
Cx)) -^TT-^A) G^- We set 



(1.79) K 



yj 



Ay^ioz,M i = o, 

Ay<gOc,,hl), j>0. 



Then we also have the following. 

Proposition 1.2.21. jVB] 

(1) E*j, j = 0, ...,Sy are irreducible objects of C{G)* . 

(2) Ca;, a; € 7r~^(y) is generated by E*j. In particular, irreducible objects ofC{G)* are 

(1.80) C,,(xeX\7r-i(n)), E*yj,{yeY^,j^O,l,...,Sy). 

Lemma 1.2.22. For a point y e Y^^, let E be a 1- dimensional sheaf on X satisfying the following two 
conditions: 

(i) Rom{Ay(E)Oc,,{-l),E)=Ext\Ay(E)Oc,,{-l),E) = for all j . 

(ii) There is an exact sequence 

(1.81) O^-B^i^^C^^O 

such that F is a G-twisted semi-stable 1-dimensional sheaf with 7r(Supp(i^)) = {y}, x{G,F) = 
and X (z Zy. 

Then E = Ay ig) luz^ ■ 

Proof. We set n :— dimX. For a purely 1-dimcnsional sheaf E on X, in-Lomo^{E, Kx[n — 1]) G Coh(X) 
and Hl-LomQ^lE, Kx[n — 1]) = 'Homo^{E,LjJc) if -E is a locally free sheaf on a curve without embedded 
primes. Hence the claim follows from Lemma 11.2.181 □ 
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1.3. Families of perverse coherent sheaves. We shall explain families of complexes which correspond 
to families of ^-modules via Morita equivalence. Let f : X ^ S and g : F — 5 be flat families of projective 
varieties parametrized by a scheme S and tt : X ^ Y an iS-morphism. Let C'i'(l) be a relatively ample line 
bundle over F — > S*. We assume that 

(1) X S is a smooth family, 

(ii) there is a locally free sheaf G on X such that Gg '■= G|j-i(s), s E S are local projective generators 
of a family of abelian categories Cg C D(Xs) and 

(iii) dim7r~^(y) < 1 for all y gY, i.e., tt satisfies Assumption 1 1 . 1 .41 

Then Cg is a tilting of Coh(Xs). 

Remark 1.3.1. (i), (ii) and (iii) imply that 

(iv) i?i7r*(G^ ® G) = 0. 
(v) 

(1.82) {Se Coh(X)|R7r*(G''«)£:) =0} =0. 
Thus G defines a tilting C of Goh{X). 

L 

Indeed if E £ Goh{X) satisfies R7r*(G i?) = 0, then the projection formula implies that R7r*(G^ E ® 
Lf*{Cg)) = Rn^iG"' (SE)^Lg*{Cg) = for aU .s e S. Then Rn^G"" ® HP{Ek)Lf*{Cg))) = for aU p and 

L 

s e S. By (ii), HP{E ® L/*(Cs)) = for all p and s e S. Therefore (v) holds, (iv) is obvious. Conversely if 

(i) , (iii), (iv) and (v) hold, then (ii) holds. So we may replace (ii) by (iv) and (v). 

For a morphism T ^ 5, we set Xt := X x s T, Yt :~ Y x s T and ttt := tt x idy. 

Definition 1.3.2. (1) A family of objects inCg, s E S means a bounded complex F' of coherent sheaves 
on X such that arc flat over 5* and F* g Cg for all s £ S. 

(2) A family of local projective generators is a locally free sheaf G on X such that Gg := G|j-i(s), s G S 
are local projective generators of a family of abelian categories Cg . 

Remark 1.3.3. If F' € Coh{Xg) for all s £ S, then F* is isomorphic to a coherent sheaf on X which is flat 
over S. 

Lemma 1.3.4. For a family F' of objects in Cg, s € S , there is a complex F' such that (i) F^ G Cg, s € S, 

(ii) F"^ are flat over S, and (iii)F* = F* . 

Proof. We set d := dimX^, s £ S. For the bounded complex F*, we take a locally free resolution of Ox 

(1.83) O^V^d^ >V-i^Vo^Ox ^0 

such that R^Ti^{{G'^ ® V^^ ® F^)g) = 0, A: > for < i < d - 1 and aU j. Since X -> F is projective, 
we can take such a resolution. Then R^tt^,{{G^ ® V^^ ® F'')s) = 0, fc > for all j. Therefore we have an 
isomorphism F' = ® F' such that {V^ ® F'Y are S'-flat and (y,^ ® F')i = ®p+,=,yYp ® € Cg for afl 
s€S. □ 

Proposition 1.3.5. (1) Let F* be a family of objects in Cg, s S . Then we get 

(1.84) F' ^ Conc(Fi ^ E2), 

where Ei G Coh(X) are flat over S and {Ei)g S Cg, s <E S . 

(2) Let F* be a family of objects in Cg, s Cz S . Then we have a complex 

(1.85) G(-ni) ® f*{Ui) ^ G(-n2) ® /* (f/a) F' ^ 

whose restriction to s Cz S is exact in Cg, where Ui, U2 are locally free sheaves on S . 

(3) Let F be an A-module fiat over S . Then we can attach a family E of objects in Cg, s € S such that 
R7r^(G^ <Si E) ~ F. The correspondence is functorial and E is unique in Ti[X). We denote E by 

TT-HF) ®.-l(^)G. 

Proof. (1) We may assume that (i), (ii), (iii) in Lemma fl . 3 .41 hold for F*. We take a sufficiently large n with 
Romf{G{-n),F^\i]) = 0, i > for aU j. Then := Hom/(G(-7i), F^) are locally free sheaves. Let W := 
RIIom/(G(— 71), F*) be the complex defined by ,j £ Z. Then we have a morphism G{—n) (g) f*{W') — >■ 
F'. Since F' eCg, s e S, Hom(Gs(-n), F'[i]) = for i 7^ and afl s e S. Then the base change theorem 
implies that U := Hom/(G(— n), F') is a locally free sheaf on S and IIom/(G(— n), F')g = Hom(G(— 7i)s, F*). 
Hence G{—n) (g) f*{W*) = G{-~n) f*{U), which defines a family of morphisms 



(1.86) 



G(-n)® /*([/) 
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Since F* e Cs for all s G S, R7r*(G^ (E) F*) is a coherent sheaf on Y which is flat over S, and .9*g*(7r, (G^ (E) 
F'){n)) ^ 7r,(G^ ® F'){n) is surjectivc in Coh(y) for n > 0. Since W ^ g,(7r,(G^ «) the 
homoniorphism 

(1.87) TT^G'^ ® G)(-?^) ® g*{U) Tr,{G'^ <E F') 
in Coh(y) is surjectivc for n ^ 0. Thus we have a family of exact sequences 

(1.88) ^ E' ^ G{-n) (g) nU) ^ F' ^ 

in Cs, s € S. Since G £ Coh(X), we have E' £ Coh(X) which is flat over S. (2) is a consequence of (1). 
(3) We take a resolution of F 

(1.89) • • • g*(t^-2) ® A{-n2) '^^ g*{U-i) ® A{-ni) g*{Uo) <E} A{-no) ^ F ^ 0, 
where Ui are locally free sheaves on S. Then we have a complex 

(1.90) • • • '-^^ /*(t/-2) <E> G(-n2) r ([/-i) <E> G{-n,) r{Uo) <E> G(-no). 

By the Morita equivalence (Proposition II . 1 .5]) . we have imdj* = ker(i7*+^ in for all s £ S. Let cokerd^^ 
be the cokernel of d^^ in Coli(X). Then by Lemma [1.3.61 below, cokerd^^ is flat over S, (cokerd^^)^ = 
coker(dj^) € Cs and 

(1.91) E Cone(cokerJ-2 ^ /*([/o) ® G(-no)) 

is a family of objects in Cs. By the construction, we have Es = tt~-^{Fs) (8)77-1(^3) Gs- It is easy to see the 
class of -E in D(X) docs not depend on the choice of the resolution (|1.89l) (cf. |B SI Lem. 14]). □ 

Lemma 1.3.6. Let E'' , < i < 3 be coherent sheaves on X which are flat over S. Let 

(1.92) E"'^E"^E^'i E^ 
be a complex in Coh(X). 

(1) //kerdg = imd^ in Coh{Xs), then (imii^)^ — > E"^ is injective. In particular if ker dl = imd^ in 
Coh(Xs) for all s e 5, then cokcr , im , ker d"'^ in Coh(X) are flat over S and imd*^ = kerd^. 

(2) Assume that E'l e Cs for all s € S. We denote the kernel, cokernel and the image of d\ ^''^ by 
kciQ^ (i*,cokerCg d\ and 'vtn.Cs ^1 respectively. If El G Cs and kerc^ dl = imc^ dl~^ , i ~ 1,2 in Cs for 
all s, then imc^ d*"^ coincide with the image of d^~^ in Coh(Xs) for i = 1,2 and kerc^ dl coincides 
with the kernel of d] in Coh(Xs). In particular, E : E'^/d^{E^) E^ is a family of objects in Cs 
and we get an exact triangle: 

(1.93) kcTd° ^ E' ^e' ^kerd^il] 
where kerd*' is the kernel of d^ in Coh(X), which is flat over S. 

Proof. (1) Let K be the kernel of : (im d^)s — > E^. Then we have an exact sequence 

(1.94) (kerd^), -> ker(d]) ^ A' ^ 0. 

Since the image of E^ (kerd^)^ — > El is d1{E^) ~ ker(d^), K = 0. The other claims are easily follows 
from this. 

(2) By our assumption, imc^ d* = cokerc^ d|~^ for i ~ 1,2. Since imc^ d^ is a subobject of El'^^ for 
i = 0, 1, 2, imc, dl G Coh(X^) for 'i = 0, 1, 2 and i?-i(cokerc, d}-^) = H-^(imc, dl) = for i = 1, 2. Then 
iJ''(imc, d*~^) — > II^{El) is injective for i ~ 1,2, which implies that imc^ d*^^ is the image of d*^^ in 
Coh(Xs) for i = 1,2. By the exact sequence 

(1.95) ^ iJ"(kerc, d\) H^{EI) iJ°(imc, dl) 

and the injectivity of II^{\mCs d\) II^{El), ker^^ d\ is the kernel of d^ in Coh(Xs). Then the other claims 
follow from (1). □ 

1.3.1. Quot-schemes. 

Lemma 1.3.7. Let A be an Oy-algebras on Y which is flat over S . Let B be a coherent A-module on Y 
which is flat over S. There is a closed subscheme Quot^y^y^ of Q := Quotj^yyy^ parametrizing all quotient 
As-modules F of Bs with x{F{n)) = P{n). 
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Proof. Let Q and K, be the universal quotient and the universal subsheaf of B ®Os ^Q- 

(1.96) O^/C^B^OsOq^ Q^O. 
Then we have a homomorphism 

(1.97) K. <»Os B ®Os Oq <E)Os B <g)Os Oq ^ Q 

induced by the multiphcation map B®Os ®OsA^ B^Os ■ Let Z = Quot^y^y^ be the zero locus of 
this homomorphism. Then for an S-morphism T ^ Q, K, is an A<E)Os ^T-submodule of B (E)Os 

if and only if T ^ Q factors through Z. □ 

CP 

Corollary 1.3.8. Let G he a family of objects in Cg, s G S. Then there is a quot-scheme Quotj^',y^y^ 
parametrizing all quotients G(, — > E in Cg, where P is the Gg-twisted Hilbert-polynomial of the quotient 
Gs^E,seS. 

Proof. We set A :~ 7r»(G^ 'E)Ox G). Then ^ is a flat family of Oy-algebras on Y and we have an equivalence 
between the category of ^^-niodules F flat over T and the categoty of families E of objects in Ct , i e T by 
F M- 7r^^(F) ®7r-i(^T) ^T- So the claim holds. □ 

1.4. Stability for perverse coherent sheaves. For a non-zero object E € Cg, x{Gg,E{n)) = x(R7r,(Gy (g) 
E){n)) > for n ^ and there are integers ai{E) such that 



(1.98) x(G.,ii;(n))=^ «,(£;) 



n + I 
i 



Definition 1.4.1 (Simpson). Assume that Cg is a tilting of Coh(Xs) for all s E S. 

(1) An object E G Cg is d-dimensional, if ad{E) > and ai{E) ~ 0, i > d. 

(2) An object E £ Cg oi dimension d is Gj-twisted semi-stable if 

(L99) x{Gg,F{n)) < ^^^iGg, E{n)), n » 

for all proper subobject F of E. 

Remark 1.4.2. (1) If dimi? > dim7r(Z5) and E is Gs-twistcd semi-stable, then H~^{E) ~ 0. Indeed 
H~'^{E)[1\ is a subobject of E with 

(1.100) dcgxiGg, H-\E){n)) < dim^(Z,) < Acgx{Gg,E{n)). 
(2) Assume that E e Coh(Xs) f^Cg. For an exact sequence 

(1.101) Q^F^E^F'^Q 
in Cg, we have an exact sequence in Coh(Xs) 

(1.102) H~^{F') ^ H"{F) ^ H"{E) ^ H%F') 0. 

Since x{Gg,H^{F){n)) < x(Gs, (coker (^)(n)), in order to check the semi-stability of E, we may 
assume that H-^{F') = 0. 

Proposition 1.4.3. There is a coarse moduli scheme Mx/s ^ ^ of Gg-twisted semi-stable objects E Cg 
with the Gg-twisted Hilbert polynomial P. is a projective scheme over S. 

Proof The claim is due to Simpson [Sl Thm. 4.7]. We set A := 7r*(G^ ® G). If we set Aq = Oy and 
Afc = A for fc > 1, then a sheaf of .4- module is an example of A- modules in [S]. Let be an open 

subschcmc of QvLOtj^^^-^^y^y/s consisting of semi-stable ylg-modulcs on Yg, s G S. Then we have the 
_4 p 

moduli space My'/s ^ S of semi-stable ^^-niodules on Yg as a GIT-quoticnt Q'^'^ //GL{V), where we use a 

natural polarization on the embedding of the quot-scheme into the Grassmannian. By a standard argument 

j( p 

due to Langton, we see that My'/s projective over S. Since the semi-stable „4s-modules correspond 
to Gg-twisted semi-stable objects via the Morita equivalence (Proposition 11.3.5]) . we get the moduli space 
Mx/s ~^ which is projective over S. □ 

C.P Q p 

We consider a natural relative polarization on M x/s- Let Q''* be the open subschcmc of Q^otQ^_^_^s^^yix/s ~ 

Q^ot'^l^_^^f^yiY/s ^^(^^ that A/x/s = Q'^^ //GL{V), where F is a vector space of dimension P{n). Let Q 
be the universal quotient on Q^^ x X. Then Q\{q]^x is G-twisted semi-stable for all q E Q'^^. By the 
construction of the moduli space, we have a GL(F)-equivariant isomorphism V — ?> pqsa (G^ (E) Q{n)). We set 

:=detpQ==!(G^ ® Q(n + m))®-P(") ®det pq.m(G^® Q(n))®(-P('"+"» 

^^■"^^^^ =detpQ==!(G''® Q(n + m))®-f'(") ®detF®(-P(™+"». 
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Wc note that R7r»(G'^ ® Q) gives the universal quotient ^-module on F x Q'^o^'^'('ln)^v/Y/S' 
construction of the nioduh space, we get the foUowing. 

Lemma 1.4.4. Cm.n, is the pull-back of a relatively ample line bundle on M^^. 

Assume that 5 = Spec(C) and chmX = 2. We set C'x(l) = Ox{H). 

Q 

Definition 1.4.5. (1) For e e K{X)to-p, M fj{e) is the moduli space of G-twisted semi-stable objects 
E oiC with t{E) = e and (e) the open subscheme consisting of G-twisted stable objects. 
(2) Let Mni^Y'^^ (resp. A^^(e)'"', A^^(e)^) be the moduh stack of /i-semi-stable (resp. G-twisted 
semi-stable, G-twisted stable) objects i? of C with t{E) = e. 

We set ro := rke and ci(e). Then we see that 

ch{P{n)G'^{{n + m)H) - P{n + m)G'^ [nH)) 
■(rkG)ro 



(1.104) 



-m 



-{H^){{m-2n)c\YG"' -n{n + m){{vkG)H ~{ci{G),H)qx)} 
(rk G)ro ^( „^ , + ^) , ^^2^ 



(rkG)eo -roCi(G) - ^ J " Kx) -chG^ + ^- '-{H^)(j^G)qx 



Lemma 1.4.6. We take C £ K{X) with ch(C) = roH + {^o,H)gx. Assume that t{G) E Ze. //x(e,e) = 
and E'Si E® Kx for all E e 7Wg(e)'"*, then dctpQss,{Q ® (^j 9^ dctpQss,{Q'^ is the pull-back of an 

Q 

ample line bundle C{C) on Mfj{e). 

Proof We first note that deipQ..,{Q (g) E"^) ^ Oqss for E e M%{ey\ We set t(G) = Ae, A € Z>o. Then 
P{n)G'^ {{n + -01)11) - P{n + m)G'^ {uH) = mn{n + m)\C mod Ze^. By Lemma [TXil we get our claim. □ 

Definition 1.4.7. (1) P(e) is the set of subobject E' oi E ^ A^H(e)''"'''' such that 

{c,{G^®E),H) {c,{G^ ®E'),H) 

(1-^°^) ^ = rkE' ■ 

(2) For E' e P(e), we define a waU We' C NS(X) M as the set of a S NS(X) (g) R satisfying 
/ cjG-'^E) c,{G''g>E') \ f xjG-'^E) x(G^^®^\ 

Since t{E') is finite, Ue'We' is locally finite. If a G NS(X) Q does not lie on any We', we say that a is 
general. If a local projective generator G' satisfies a := ci(G')/ rkG' — ci(G)/ rkG ^ Ue'We', then we also 
call G' is general. 

Lemma 1.4.8. If G is general, i.e., ^ Ue'We', then for E' G P(e), 
/n particular, if e is primitive, then Af^(e) = Mj^{e) for a general G. 

1.5. A generalization of stability for 0-dimensional objects. It is easy to see that every 0-dimensional 
object is Gg-twisted semi-stable. Our definition is not sufficient in order to get a good moduli space. So we 
introduce a refined version of twisted stability. 

Definition 1.5.1. Let G, G' be families of local projective generators of Cs- A 0-dimensional object E is 
(Gs, Gg)-twisted semi-stable, if 

for all proper subobject Ei of E. 

By a modification of Simpson's construction of moduli spaces, we can construct the coarse moduli scheme 
of (G,,, G'j,)-twisted semi-stable objects. From now on, we assume that S = Spec(C) for simplicity. 

Lemma 1.5.2. Let G be a locally free sheaf on X which is a local projective generator of C. 

(1) Assume that there is an exact sequence in C 

(1.109) O^E' ^Vo^Vi^ >Vr^ E^O 

such that Vi are local projective objects of C. If r > dimX, then E' is a local projective object of C . 

(2) For E € K{Y), there is a local projective generator G' of C such that E ~ G' — NG{—n), where N 
and n are sufficiently large integers. 
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Proof. (1) Wc first prove that H^{'R.TT^imom{E, F)) = 0, i > dimX + 1 for all F eC. Since C is a tilting 
of Coh(X) (Lemma ll.l.Tp . W{E) = H^{F) = for i 7^ —1, 0. By using a spectral sequence, we get 

(1.110) H'{-RT:,miom{H-'P{E)[p],H-i{F)[q])) = 

for i > diniX + 1. Hence we get W{'RTr^R'Hom{E, F)) = 0, i > d\mX + 1. Then we see that 

(1.111) H^H-K^miomiE' ,F)) ^ W+''+\RTT^'Rnom{E,F)) = 

for all integer with i > niax{diniX — r, 0} = 0. Therefore E' is a local projective object. 

(2) We first prove that there are local projective generators Gi,G2 such that E = Gi — G2. We may 
assume that E G C. We take a resolution of E 

(1.112) O^E'^ G(-n,)®^'- ^ Gi-rir-i)®^^-' -> > G(-no)®^» E 0. 

If r > dimX, then (1) implies that E' is a local projective object. We set r := 2jo + 1. We set Gi := 
E' © ®f^„G{-n2j)®^^' and G2 := ©jLoG(-"-2j+i)®^"^+' Then Gi and G2 are local projective generators 
and i? = Gi — G2. Wc take a resolution 

(1.113) ^ G'2 ^ G(-7i)®^ ^ G2 ^ 

such that G'2 e C. Then we see that R7r*R'Hom(G2, -F) G Coh(r) for any F € C. Since E ^ {Gi ® Gj) - 
G(— n)®^ and Gi © G2 is a local projective generator, wc get our claim. □ 

Definition 1.5.3. Let A be an element of K{Y) (X) Q and G a local projective generator. A 0-dimensional 
object E is (G, A)-twisted semi-stable, if 

(1.114) ^(AZ) < ^(A^ 
^ ' xiG,F) - x{G,E) 

for all proper subobject F of 

By Lemma [1.5.21 we write N'A = G' — iVG(— n) G i^(X), where G' is a local projective generator and 
n,N,N' > 0. Then 

Hence i? is (G, G')-twisted semi-stable if and only if E is (G, yl)-twisted semi-stable. Thus we get the 
following proposition. 

Proposition 1.5.4. Let A be an element of K{Y)®Q and G a local projective generator. Let v be a Mukai 
vector of a 0-dimensional object. 

(1) There is a coarse moduli scheme Mq^(^i^{v) of {G, A) -twisted semi-stable objects of C. 

Q 

(2) If V is primitive and A is general in K{Y) ® Q, then M q^^^{v) consists of [G, A) -twisted stable 

Q 

objects. Moreover M Q^^i-^{gx) is a fine moduli space. 

Remark 1.5.5. If v{E) ~ gx and rkA = 0, then E is (G, A)-twisted semi-stable if and only if x{A,E') < 
for all subobject E' of E in C. Thus the semi-stability does not depend on the choice of G. 



Remark 1.5.6. In subsection 11.71 deal with the twisted sheaves. In this case, we still have the moduli 
spaces of 0-dimensional stable objects, but M Q^f^i'^{Qx) docs not have a universal family. 

1.6. Construction of the moduli spaces of ^-modules of dimension 0. By Proposition ll . 1 .31 we have 
an equivalence C — ?> Coh^(y). We set B := 7r,(G^ ®G'). Then S is a local projective generator of Coh^(Y'): 
For ah F G Coh^(r), RHom^(S,F) = HomA{B,F) and TiHomA{B,F) = if and only if = 0. In 
particular, we have a surjective morphism 

(1.116) (l):HomAiB,F)(g)AB ^ F. 
For F e Coh^(r), we set 

(1.117) XAiB, F) xCRHomAiB, F)). 
For F e Coh^(F), Tr^'^{F) (^^-i(a) G is (G, G')-twisted semi-stable, if 

for all proper sub ^-module Fi of F. We define the {A, 6)-twisted semi-stability by this inequality. 

Proposition 1.6.1. There is a coarse moduli scheme of (A, B)-twisted semi-stable A-modules of dimension 
0. 
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Proof of Proposition [LK7\ Let F be an ^-module of dimension 0. Then Hom_4(i3,F) Cg) i3 — > F is 
surjective. Hence all 0-dimensional objects F are parametrized by a quot-scheme Q :~ Q^^'^^v'^b/y/c^ where 
m = x{F) and dim = xa[^i F). Let V ® Oq ® B ~^ F he the universal quotient. For simplicity, we set 
Fq F\{q^xYi q ^ Q- For a sufficiently large integer n, we have a quotient V®H^{Y, B{n)) — >■ H^{Y, F{n)). 
We set W := H^{Y^ Then we have an embedding 

(l.f f 9) Q.^o4m/Y/C ^ Gr{V ® W, m). 

This embedding is equivariant with respect to the natural action of PGL{V). The following is well-known. 

Lemma 1.6.2. Let a -.V ®W U be a point of © := Gr{V ® W,m). Then a belongs to the set 0^" of 

semi-stable points if and only if 

^20) dim^ ^ dima{Vi(^W) 

dim V ~ dim Vi 

for all proper subspace Vi ^ Q of V . If the inequality is strict for all Vi, then a is stable. 
We set 

(l.f2f) Q"' {q e Q\ Fq is S)-twisted semi-stable }. 

For q e Q'^^ , V Hom^(S, i^) is an isomorphism. We only prove that Q^" = (S'** n Q. Then Proposition 
If .6.f I casilv follows. 

For an ^-submodule Fi of F, we set Vi := Hom^(;B,i^i). Then we have a surjective homomorphism 
Vi (g) S Fi. Conversely for a subspace Vi of V, we set Fi := im(Vi (E)B ^ F). Then Vi Hom^(S, Fi) 
is injective. 

We set 

(L122) S:={im{Vi(E}B^Fq)\qeQ, ViCV}. 

Since ^ is bounded, we can take an integer n in the definition of W such that ViCg)Vl^ — > H^{Y, Fi) is surjective 
for all Fi G ^. Assume that Fq is {A, S)-twisted semi-stable. For any Vi C V, we set Fi := im(Vi (g)S -> Fq). 
Then aiVi (E)W) = H^(Y,Fi). Hence 

^ AiYna{V^®W) ^ x{Fi) ^ xjFi) ^ ^ dima(F^W^) 

^' ' dimVi - dimHom^(6,Fi) x^(S, ^i) " X^(S, -^g) dimF 

Thus g e 0"^ 

We take a point q e n Q. We first prove that ip : V —> Romj[{B,Fq) is an isomorphism. We set 
Vi := keiip. Since Vi (g) B ^ Fq is 0, we get aiVi <S)W) =0. Then 

dimL/ ^ dimajVi^W) 
^ > dimV- dimVi 

which is a contradiction. Therefore ip is injective. Since diml^ = dimHom^(S, J^^), ■0 is an isomorphism. 
Let Fi 7^ be a proper yl-submodule of Fq. We set Vi := Hom^(i3,Fi). Then 

^ ' ' dimHomyi(S,Fi) " dim^i " diml^ XAiB,Fq)' 

Hence Fq is (^, S)-twisted semi-stable. If q is a stable point, then we also see that Fq is (^, S)-twisted 
stable. 

1.7. Twisted case. 

1.7.1. Definition. Let X = UiXi be an analytic open covering of X and /3 = {fiijk G H^{XinXjnXk,0^)} a 
Cech 2-cocyclc of . We assume that /3 defines a torsion element [P] of O^)- Let E = ({FJ, {(pij}) 

be a coherent /3-twisted sheaf: 

(i) Ei is a coherent sheaf on Xi. 

(ii) : F,|x,nXj ^ ^i|x.nXj is an isomorphism, 
(in) ipj, = 

(iv) ipki o (pjT, o = l3ijk idx.nXj-nXfc- 
Let G be a locally free /3-twisted sheaf and P := P(G^) the associated projective bundle over X (cf. |Y4| 
sect. 1.1]). Let w{P) € H'^{X,Z/rZ) be the characteristic class of F (jYl Defn. 1.2]). Then [/3] is trivial if 
and only if w{P) € im(NS(X) ^ H'^{X,Z/rZ)) ([Y2 Lem. 1.4]). 

Let Coh^(X) be the category of coherent /3- twisted sheaves on X and D^(X) the bounded derived category 
of Coh'^(X). Let Kl^{X) be the Grothendieck group of Coh^(X). Then similar statements in Lemma [1.1.51 
hold for Coh''(X). Then all results in sections [l .31 and \TM hold. In particular, if a locally free /3-twisted sheaf 
G defines a torsion pair, then we have the moduli of G-twisted semi-stable objects. Replacing C, G K{X) by 
C e R/^iX) with ci(C) = roH and x(G (g) C) = 0, Lemma [Ql] also holds. 



1.7.2. Chern character. Wc have a homomorphism 

(1.126) ^ ^ ch(G^(8g) 

Obviously ch.a{E) depends only on the class in K^^{X). Since 
we have the following Riemann-Roch formula. 

(1.128) X{E,F)^ f chaiE)^ d-iGiF)tdx. 

Jx 

Assume that X is a surface. For a torsion G-twisted sheaf E, we can attach the codimension 1 part of the 
scheme-theoretic support Div(i5) as in the usual sheaves. Then we see that 

(1.129) chG(£;) = {0,[BiY{E)],a),aeQ, 

where [Div(£')] denotes the homology class of the divisor Div(£') and we regard it as an element of H^{X, Z) 
by the Poincare duality. More generally, if i? S D'^(X) satisfies rkiJ' (£') = for all i, then 

(1.130) chG(i?) - {0,Y,{-iy[Div{W{E))],a),a e Q. 

i 

We set cx{E) := E»(-l)iDiv(i7' (£;))]. 

Remark 1.7.1. If H^{X, Z) is torsion free, then we have an automorphism 77 of H*{X, Q) such that the image 
of 7/ o chc is contained in ch{K{X)) C Z ® H'^{X,Z) ® H^{X, iZ) and (|1.128p holds if we replace chc by 
?7 o chc (cf. IXl]): Wc first note that 

(1.131) ch{K{X)) = {{r, D, a)\r e D e H^{X, Z), a - {D, Kx)/2 G Z}. 
Replacing the statement of jY41 Lem. 3.1] by 

C2{E'^ (E)E)+ r{r - l){w{E),Kx) 

(1 132) 

= - {r -l){{w{Ef) -r{w{E),Kx)) mod 2r, 
we can prove a similar claim to (Y41 Lem. 3.3]. 
Lemma 1.7.2. Let E be a (3-twisted sheaf ofikE = 0. Then 
(1.133) [xiG,E) mod rZ] = -w{P) n [Div(£;)], 

where we identified Ho{X,'Z/r'Z) with Z/rZ. 

Proof. Since x(G, E) and [Div(i?))] arc additive, it is sufficient to prove the claim for pure sheaves. If 
diuiE = as an object of Coh'^(X), then r\x{G,E) and Biv{E) = 0. Hence the claim holds. We assume 
that E is purely 1-dimensional. Then i5 is a twisted sheaf on C := Div(£'). Since G is a curve, there is a 
/3-twisted line bundle L on G and we have an equivalence 



ip: Coh'3(G) ^ Coh(G) 
E E^V- 



Then we can take a filtration C i^i C C • • • C = -E of £' such that Div(i^i/Fi_i) arc reduced and 
irreducible curve and Fi/Fi-i are torsion free /3-twisted sheaves of rank 1 on Div(Fi/Fi_i). Replacing E by 
Fi/Fi-i, we may assume that E is a. twisted sheaf of rank 1 on an irreducible and reduced curve G — Div(£'). 

Then xiG,E) = xiv{G\cr ® 'PiE)) = JcCiMGicr) + rxifiE))- Since w;(P)|c = «;(P|c) = ci(^(G|c)) 
mod rZ, [x(G, E) mod rZ] = -w{P) n [G]. □ 

Corollary 1.7.3. For an object E o/D'3(X), assume that rk H^{E) = for all i. Then 
(1.135) [x{G,E) mod rZ] = ~w{P) n [Biv{E)]. 

Moreover if Ci{E) ~ 0, then c]iq{E) G 'Zqx- 

Proof. The second claim follows from J-^choiE) — x{G,E)/r = {x{G,E)/r) gx- □ 
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2. Perverse coherent sheaves for the resolution of rational double points. 

2.1. Perverse coherent sheaves on the resolution of rational singularities. Let F be a projective 
normal surface with at worst rational singularities and tt : X ^ Y the minimal resolution. Let pi, i = 
1, 2, n be the singular points of Y and Zi :~ Tr~^{pi) = their fundamental cycles. Let /3 be a 

2-cocycle of Ox whose image in H^{X,Ox) is a torsion element. For /3-twisted line bundles Lij on dj, we 
shall define abelian categories Per{X/Y, {Lij}) and Per{X /Y, {Lij})* . 

Proposition 2.1.1. (1) There is a locally free sheaf E such that x{E , Lij) = for all i, j and R^tt^XE^ ® 
E) = 0. 

(2) C{E) is the tilting of Coh^{X) with respect to the torsion pair {S,T) such that 

S '.={E e Coh''(X)| E is generated by subsheaves of Lij }, 
T ■.={E e Coh^^{X)\Rom{E,L,.i) = 0}. 

(3) C{E)* is the tilting of Coh^ (X) with respect to the torsion pair (5*,T*) such that 

S* '^{E G Coh'^(X)| E is generated by subsheaves of Ap. uJZi }, 

T* ■.={E e Coh''(X)|Hom(£;,Ap. ® wzj = 0}. 

For the proof of (1), we shall use the deformation theory of a coherent twisted sheaf 

Definition 2.1.2. For a coherent /3-twisted sheaf _E on a scheme W, Def (W^, E) denotes the local deformation 
space of E fixing det E. 

For a complex e D^(X), let 

(2.3) Ext''(£;,-B)o ker(Ext''(£^, -B) 4 H'{X,Ox)) 

be the kernel of the trace map. If Ext^(i?, E)o — 0, then Def (M^, E) is smooth and the Zariski tangent space 
at E is Ext^(£', _E)o. The following is well-known. 

Lemma 2.1.3. Let D be a divisor on X . For E G Coh^ (X) with rkii' > 0, we have a torsion free (3-twisted 
sheaf E' such that t{E') = t{E) - nT{<C.j,) and Ext'^{E' , E'{D))o = 0. 

Proof. For a locally free /3-twisted sheaf E, we consider a general surjective homomorphism (f> : E ^ ®i=i'Cxi , 
Xi G X. If n is sufficiently large, then E' := kercj) satisfies the claim. □ 

Lemma 2.1.4. Let C be an effective divisor on X. For {r,C) G Z>o x Pic(C), the moduli stack of locally 
free sheaves E on C such that (rki?, deti?) = (r, £) is irreducible. 

Proof. For a locally free sheaf £' on C we consider : H^{X^E{n)) ® Oc{^n) E. Assume that (/> is 
surjective. Then there is a subvector space C H'^{X,E{n)) of dimF = r—1 such that -0 : V^Oc{—n) — > E 
is injective for any point of C. Then coker?/; is a line bundle which is isomorphic to det(i5) (E) Oc{{r — 1)?^)- 
Hence E is parametrized an aflSne space Exto^(£ (g) OcUr — l)n),Oc{~n) ® V) ^ H^{C,C'^ {—rn) (K) V). 
Since the surjectivity of (j) is an open condition and is surjective for ri 3> 0, we get our claim. □ 

Proof of Provosition \2.1.1\ (1) For a locally free /3-twisted sheaf G on X, we set gij := x(G, Lij). Let a G 
©iLi ffi^Li Q[Cij] be a Q-divisor such that rkG(a, Cij) = . We take a locally free sheaf A € Coh(X) such 
that ci(A)/rk A = a. Then x(G(K) A, L^j) = rk ^(5^ - rkG(a, G,.,)) = for ah i,j. By Lemma [^X^ there is 
a torsion free /3-twisted sheaf E on X such that t{E) = t(G ^ A) — nT{Cx) and IIom(i?, E{Kx + Gij))o = 
for all i,j. We consider the restriction morphism 

(2.4) 0,, : DeiiX.E) ^ Def(G„-, £;|c,,). 

Since ¥jyit^{E,E{-C,j))Q = 0, we get Ext^(£',i;)o = 0. Thus T)ci{X,E) is smooth. We also have the 
smoothness of Def(Gij, £'[c.^), by the locally freeness of E\(j... We consider the homomorphism of the 
tangent spaces 

(2.5) Exti, j£;,i;)o ^ Exti,^^^(£;|c.^,£;|c^^)o. 

Then it is surjective by Ext^(i?, £■(— Gy ))o = 0. Therefore is submersive. By the equivalence ip : 
Coh^(Gij) — )• Coh(Gij) in (|1.134p . we have an isomorphism Def{Cij , E^q..) Dcf{Cij , ip{E^Cij)). Since 
x{E,Lij) = 0, Aei{E\Cij ® L]'^) = Oc.j(rki?). Then Lemma [2.1.41 implies that E deforms to a /3-twisted 
sheaf such that E^q.^ = Lij{l)®^'^^. Since these conditions arc open condition, there is a locally free /3- 
twisted sheaf E such that i?|Ci — Lij{l)®'^^^ for all i,j. By taking the double dual of E and using Lemma 
fOJl we get (1). 

(2) Note that Lij = Ap. (E) Oci{—i). By Proposition II .2. 19l and Proposition 1 1 . 1 . 1 9} we get the claim. For 
(3), we use Proposition 11.2.211 and Proposition 11.1.1^ □ 



Definition 2.1.5. (1) We set Per{X /Y,{Lij}) -.^ C{E) and Per(X/y, {i^ })* -.^ C{E)* . 

(2) If /3 is trivial, then we can write = Od ibij). In this case, we set Per(X/y, bi, . . . , b„) := 
Fer{X/ Y,{L,,}) and Per(X/r, bi, . . . , b„)* := Per(X/y, {L.^})*, where b^ := &»2, ■ • ■ , 

Remark 2.1.6. If bi(0) = (-1, -1, . . . , -1), then Per(X/r, bi(0), b„(0)) = -^PeT{X/Y). 

Definition 2.1.7. We set 

Ao{h,)* ■.=Ap^ (g) LJz,- 

We collect easy facts on Ao(bj) and Ao(bi)* which follow from Lemma [1.2.181 and Lemma ri.2.221 
Lemma 2.1.8. (1) (a) For E ^ AQ(hi) , we have 

(2.7) Rom{E, Oc., (6.^)) = Exti(S, Oc,, [hj]) = 0, 1 < j < 
and there is an exact sequence 

(2.8) > F > E > > 

such that F is a successive extension of Oc;, {bij ) and x €z Zi. 
(b) Conversely if E satisfies these conditions, then E = Ao(bi). 
(2) (a) For E = ^o(b,)*, we have 

(2.9) Hom(Oc.^ (&,,), E) = Ext\Oc,^ (b,,), E) = 0, 1 < j < s, 
and there is an exact sequence 

(2.10) > E > F > > 

such that F is a successive extension of Odj (bij ) and x ^ Zi. 
(b) Conversely if E satisfies these conditions, then E = A^ihi)* . 

2.2. Moduli spaces of 0-dimensional objects. Let tt : X — > F be the minimal resolution of a normal 
projective surface Y and pi,P2, ■ ■ ■ ,Pn the rational double points of Y as in 12.11 We set Z := UiZi. Let 
G be a locally free sheaf on X which is a tilting generator of the category C := Cq in Lemma 11.1.51 
For a € NS(X) Q, we define a-twisted semi-stability as 7~^((0, a, 0))-twisted stability, where 7 is the 
homomorphism (|0.2p . In this subsection, we shall study the moduli of a-twisted semi-stable objects. For 
simplicity, we say that a-twisted semi-stability as a-semi-stability. For simplicity, we set X" :— MQ^f^i^{gx)- 
Since every 0-dimensional object is 0-semi-stable, we have a natural morphism tTq, : X°' — > X'^. 

Lemma 2.2.1. For a 0-dimensional object E of C, there is a proper subspace T{E) o/Ext^(i?, E) such that 
all obstructions for infinitesimal deformations of E belong to T{E). 

Proof. Let be a 0-dimensional object of C. Wc first assume that there is a curve C G \Kx\ such that 
Cn Supp(i?) = 0. Then H^{X, Kx) }Iom{E, E{Kx)) is non-trivial, which implies that the trace map 

(2.11) tr -.Ext^ {E,E) ^ H'\X, Ox), 

is non-trivial. Since the obstruction for infinitesimal deformations of E lives in kertr, T[E) C kertr is a 
proper subspace of Ext^(iJ, E). For a general case, we use the covering trick. Let _D be a very ample divisor 
on Y such that there is a smooth curve B £ |2D| with B n 7r(Supp(£^) U Z) = and \Ky + D\ contains a 
curve C with C n 7r(Supp(£') U Z) = 0. Since tt is isomorphic over Y \ tt{Z), we may regard B and C as 
divisors on X. Let (p : Y ^ Y he the double covering branced along B and set X = X Xy Y. We also 
denote X ^ X hy (p. Then \Kj^\ = \(j>*{Kx + D)\ contains (f)*{C). Since 4> is etale over Y \ B, we have a 
decomposition tt*{E) = Ei E2 and Ext'^{E,E) — >• Ext'^{Ei, Ei) arc isomorphism for z = 1,2. Under these 
isomorphisms, T{E) is mapped into T{Ei). Since tr, : Ext^(i?i, i?;) — > H^{X.,0^) are non-trivial, kertr^ are 
proper subspaces of Ext^(i?i, Ei). Hence T{E) is a proper subspace of Ext^(£', E). □ 

Proposition 2.2.2. (1) For a 0-dimensional object E ofC, E®Kx — E. In particular, Ext^{E,E) = 
liom{E,Ey. 



(2) For a 0-dimensional Mukai vector v, M^'"^^^{v) is smooth of dimension (u^^ 



2. 



Proof (1) Since Kx ^ 7r*(AV) and dim7r(Supp(£;)) = 0, we get E®Kx = E. (2) For E <E M^'^^-^~^{v) , 
we have ilom{E,E) = C. Then Lemma [2XT] implies that T{E) = 0. Since dimExt\E,E) = (w^) -\- 2, 
"^Ox"(i)^^) is smooth of dimension (w^) +2. □ 

Remark 2.2.3. There is another argument to prove the smoothness due to Bridgeland |Brlj . We shall use 
the argument later. So for stable objects, we do not need Lemma [2.2.1) but it is necessary for the study of 
properly semi-stable objects (see Proposition 12.2.7]) . 
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Lemma 2.2.4. Assume that a G NS(X) (g) Q satisfies that 
(2.12) (a, D) ^0 for all D e NS(X) (D^) 



2 anrf (ci(Ox(l)),£') = 0. 



Then X" = M^;"(^)(ex). 

Proof. Assume that E e X" is S'-equivalcnt to (Bl^iEi, where Ei are a-stable objects. Then (a, ci{Ei)) = 0, 
(01(0^^(1)), ci(£;i)) = and ici{Ei)^) = {v{E,f) > -2 for aU i. Smce {v{E,),v{Ej)) > for Ei ^ E^j and 
Eij(^^(£^i),'f(£^i)> = HE)^) = 0, (i) {v{Ei)^) = -2 for an i, or (h) (^(i;,)^) = for aU i. By our choice of 
a, the case (i) does not occur. In the second case, we see that = aigx, ai > 0. Then gx = o-^Qx, 

which imphes t = 1. Therefore E is a-stablc. □ 

Lemma 2.2.5. Let £ be an object 0/ D(X x X') such that <^x^x' ■ D(^) ^ D(X') is an equivalence, 
^\Xx{x'} G C for all x' € X' and v(£\xx{x'}) ^ Qx- Then every irreducible object of C appears as a direct 
summand of the S-equivalence class of £\xx{x'}- 

Proof. Let E be an irreducible object of C. If Supp(i?) (t Z, then we have a non-trivial morphisni 
E Cx, X ^ Z. Since {C)^x\z ~ Coh(X \ Z), Cx is an irreducible object. Hence E = Cx- Since 
x{£\xx{x'}i'Cx) — and ^j^^x' equivalence, there is a point x' G X' such that }iom{£^xx{x'}iCx) 7^ 
or Iloin{Cx,£\xx{x'}) 0. Since v{Cx) = v{£\xx{x'}) = Qx, we get C^; = £\xx{x'}- If Supp(£:) C UiZ^, 
then we still have xi^\xx{x'}i E!) = 0, since £\xx{x'} — 'Cx, x ^ Z for a point x' G X'. Then we have 
llom{£^xx{x'}T E) 7^ or Ilom{E,£^xx{x'}) 0- Therefore our claim holds. □ 

Lemma 2.2.6. If a is general, then X" is irreducible. 

Proof. Let X' be a connected component of X". Then we have an equivalence ^x^X' • '^i-^) ~^ '^i-^'), 
where £ is the universal family. By the same argument as in the proof of Lemma 12.2.51 we see that every 



Proposition 2.2.7. Let A"" be the moduli stack of 0-semi-stable objects E with v{E) = px. Then is a 
locally complete intersection stack of dimension 1 and irreducible. In particlar is a reduced stack. 

Proof. Let Q be an open subscheme of a perverse quot-scheme such that X^ is a GIT-quoticnt of a suitable 
GL(7V)-action. Then X^ is the quotient stack [Q / GL{N)]. Let £ be the family of 0-dimensional objects 
of C on Q X X. For any point (7 G Q, we set ni := dim IIom(/Cq, 5^) and n2 '■= AmiT{£q), where K, is the 
universal subobject on Q x X. Then an analytic neighborhood of Q is an intersection of n2 hypersurfaces 
in C"i. Hence diniQ > ni — 112 and d\m[Q /GL{N)] > —x{£q,£q) + 1 = 1. We take a general a and set 
Q" := {q G 01 £q is not a-semi-stable }. By the proof of [O^ Prop. 2.16], we see that dim[g"/GL(iV)] = 0. 
Since [{Q \ Q")/GL{N)] is the moduli stack of a-stable objects, it is a smooth and irreducible stack of 
dimension 1. Hence [Q/GL{N)] is a locally complete intersection stack of dimension 1 and irreducible. In 
particlar [Q /GL{N)] is a reduced stack. □ 

Lemma 2.2.8. Let E be a 0-semi-stable object with v(E) ~ gx. Then Supp(7r*(G^ ® E)) is a point ofY. 

Proof. For E, wc have a decomposition E ~ ®l^iEi such that Supp(7r*(G^ (g) Ei)), i = 1, ...,t are distinct t 
points of Y. We set v{Ei) = (0, Di, ai). Since Di are contained in the exceptional loci, = {v{E)'^) = J2iiE>i) 
implies that (Df) = for all i. Thus we have v{Ei) = Oigx for all i, which implies that gx ~ (X^i o,i)Qx- 
Since x{G, Ei) > 0, we have Oi > 0. Therefore t = 1. □ 

By Lemma Fl. 1.131 we get the following. 

Lemma 2.2.9. (1)C2:GC for all x £ X . In particular, we have a morphism ip : X X^ by sending 
X Cz X to the S-equivalence class ofCx. 
(2) (p{Zi) is a point. 

If Cx is properly 0-semi-stablc, then Ca; is S'-equivalcnt to (BjEfj for an i. 

Proposition 2.2.10. There is an isomorphism : X'^ — > Y such that o ip : X Y coincides with tt. In 
particular, X'^ is a normal projective surface. 

Proof. We keep the notation in the proof of Proposition 12 . 2 . 7l By Lemma [2.2.81 T := 7r*(G^ ^ £) is a flat 
family of coherent sheaves on Y such that Supp(J^g) is a point for every q Q. Since the characteristic of 
the base field is zero, we have a morphism Q S^Y, where r = rkG (cf. [FT], jF2] ). Since the image is 
contained in the diagonal Y, we have a morphism Q — >■ F. Hence we have a morphsim tjj : X^ — >■ Y. By the 
construction of ip and ip, n — tp o (p. Since ip> and ijj are projective birational morphisms between irreducible 
surfaces, (p and 'ijj are contractions. By using Lemma 12.2.91 we see that ^ is injective. Hence ip is a finite 
morphism. Since Y is normal, tp is an isomorphism. □ 



E eX" belongs to X'. 



□ 
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Lemma 2.2.11. Assume that a G NS(X) ® Q satisfies (|2.12p . T/ien /"STa'" is pull-back of a line bundle 
on X". 



Proof. Let £ be the universal family on X" x X. Let p5 : S* x X — >■ 5* be the projection. Since X" is smooth, 
the base change theorem imphes that Extp^^ {£, £), i = 0, 1, 2 are locally free sheaves on X°' and compatible 
with base changes. Since Ext^^^ (^t^) is the tangent bundle of X", we show that there is a symplectie form 
on Extp^^ For any point y € Y , we take a very ample divisor D2 on Y such that y ^ D2, \Ky + 

contains a divisor Di with y ^ Di. We set U := Y\ {Di U D2). Then U is an open neighborhood of y such 
that Ky is trivial over U. Let be the pull-back of Di to X. Then we have Kx = Ox{Di — 02). We set 
V := 7r~^(?/'"^ ([/)). We shall prove that (i) the alternating pairing 

(2.13) Ext^^. (£, £) X Ext^^, {£, £) ^ Ext^^ {£,£) 

is non-degenerate and (ii) Extp^^(£,£) = Oy- Since Extp^^(f,f) is the tangent bundle, this means that 
Ky = Oy- Thus the claim holds. 

We first note that there are isomorphisms 

(2.14) Ext;^(£,£)=Ext;^(£,£(5i))=Ext;^„(£, £(51-52)), i-0,l,2, 

which is compatible with the base change. By the Serre duality, the trace map tr : Ext^ {£y,£y(Kx)) 
H^{X,Kx) is an isomorphism for y <eV. Hence (ii) holds. By the Serre duality, the pairing Ext^ {£y,£y) x 
Ext^{£y,£y{Kx)) — > Ext'^{£y,£y{Kx)) = H'^{X,Kx) is non-degenerate. Combining this with (|2.14p . we get 
(i). □ 

Lemma 2.2.12. Assume that a ~ 0. 

(1) Assume that pi G Y corresponds to ®*Lo ^i^"'^ where Eij are 0-stable objects. Then Cx,x G 
Zi are S-equivalent to ® ^Lo E®""^^ . 

(2) Let E Cz C be a 0-twisted stable object. Then E is one of the following: 

(2.15) C.:,{xeX\Z), E,j, {l<i<n,0<j <s,). 

(3) Every 0-dimensional object is generated by (j2.15p . 

Proof By Proposition HXJUl (1) holds. We shall apply Lemma[2Xn]to £ = Oa e D(X x X). Then (2) is 
a consequence of (1). It also follows from Lemma [1.1.131 (3). (3) follows from (2). □ 

Remark 2.2.13. If b = bo, then tt^,{£) is a flat family of coherent sheaves on Y such that Tr{£)q is a point 
sheaf. Then we have a morphism Q — > y. Thus wc do not need the reducedncss of Q in this case. 

Definition 2.2.14. We set Zf := 7r-i(0j E®"'') = tt"! o V'"^(k) and := U^Zf . 

Lemma 2.2.15. (cf. |0-Y1 Lem. 2.4]) Let Eij be 0-stable objects in Lemma \2.2.12\ Assume that —{a, ci{Eij)) > 
for all j > 0. Let F be a 0-semi-stable object such that v{F) ~ v{EiQ © ®j>o E^^^ ); !i bj < . 

(1) If v{F) 7^ gx, then F is S-equivalent to EiQ ® ®j>o E'^^^ with respect to 0-stability. 

(2) Assume that F is S-equivalent to Eio © ® j>o E®^^ . Then the following conditions are equivalent. 

(a) F is a-stable 

(b) F is a-semi-stable 

(c) Y{oiTi{E,j,F) = for all j > 0. 

(3) As.sume that F is a-stable. For a non-zero homomorphism (j) : F Eij, j > 0, (j) is surjective and 
F' := kert/) is an a-stable object. 

(4) // there is a non-trivial extension 

(2.16) 0^ F -¥ F" ^ E,j 

and bk + 5jk < Oik, then F" is an a-stable object, where Sjk = 0, 1 according as j 7^ k, j = k. 

Proof (1) Since E := F©0^.>o E®^"'''^'^ is a 0-semi-stable object with v{E) = qx and Supp(7r*(G"^(8£;)) = 
Supp(7r*(G'^ ® F)) U {pi}, Lemma [2.2.81 and Proposition I2.2.1UI implv that the 5'-equivalence class of E 
corresponds to pi G Y. Hence E is S'-equivalent to ©j^o^ij^'^j which implies that F is S-equivalent to 

(2) It is sufficient to prove that (c) implies (a). Let -0 : — >■ / be a quotient of F. Since / and ker-0 are 
0-dimensional objects, they are 0-semi-stable. Since Hom(i?,y , ker ■(/;) = for j > 0, (1) implies that Eio is a 
subobject of kerip- Hence v(I) = X]j">o ^i^y ' which implies that F is a-stable. 

(3) Since Eij is irreducible, is surjective. By (1), ker0 also satisfies the assumption of (2). Let 
ip : ker0 — > / be a quotient object. Since Ylom{Eik, F) = ioi k > 0, (2) implies that kcicf) is a-stable. 
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(4) Since v{F) ^ qx, (1) implies that F" satisfies the assumption of (2). If Hom(£'ifc,F") ^ 0, then 
Hom(£'ife, F) = Q implies that fc = j and we have a splitting of the exact sequence. Hence Hom(i?i/c, F") — 
for fc > 0. Then (2) implies the claim. □ 

Corollary 2.2.16. Assume that -(a,ci(£'y )) > for all j > 0. We set v v{Eio ® Qj^qE®'''), 0<bj < 
aij with (w^) = — 2. 

(1) dimRom{E, Eij) = ma.x{-{v,v{E,j)),0}. 

(2) If -{v,v{E.ij)) > 0, then M^;^"^^(u) = M^'"^^^{w), where w = v + {v,v{Eij))v{Eij). 

Proof. (1) For E E M^'"^^^{v), we set n := dimHom(i?, Eij). Then we have a surjective morphism <f) : E ^ 
E®/\ Then F ken?!) is a-stable. Since -2 < {v(F)'^) = {v{Ef) - 2n{n + {v,v{Eij))), n = -{v,v{Eij)) or 
n = 0. 

(2) If -{v,v{E,j)) > 0, then dimHom(£', i;^^) = -{v,v{E,j)), ExtP{E,Eij) ^ 0, p > 0, and we have a 
morphism a : M^'^^^.^{v) ^ M^'^^^.^{w). Conversely for F e M^'^^^.^{w), {v{F),v{E,j)) = -{v,v{E,j)) > 0. 

Hence Hom(F, E'^^) = 0, which implies that dimExt^(£'ij, F) = {v{F),v{Eij)) and the universal extension 
gives an a-stable object E with v{E) = v. Therefore we also have the inverse of a. □ 

We come to the main result of this subsection. 

Theorem 2.2.17. (cf p-Y[ Thm. 0.1]^ 

(1) = Y and the singular points pi,p2, . ■ ■ ,Pn of correspond to the S -equivalence classes of 
properly 0-twisted semi-stable objects. 

(2) Assume that a satisfies that {a,D) ^ for all D G NS(X) with {D^) = -2 and (ci £>) = 0. 
Then X"^ = M^'"f^^^{gx). In particular n a : X" — >■ X^ is the minimal resolution of the singularities. 

(3) Let ®^Lgi?®°'^ be the S-equivalence class corresponding to pi. Then the matrix {—{v{Eij), v{Eik)))j.k>o 
is of affine type A,D,E. Assume that a^o = 1- Then the singularity of X'^ at pi is a rational double 
point of type A,D,E according as the type of the matrix (~{v(Eij),v{Eik)))j^k>i- 

Proof. (1) By Proposition 12.2.101 X° = Y. Since ip : X X° is surjective, y £ Y corresponds to the 
S*- equivalence class of C^;, x G Tr~^{y). By Lemma 12.2.91 C^;, x € Tr~^{pi) is not irreducible. Hence pi 
corresponds to a properly 0-semi-stable objects. For a smooth point y £ Y , Cx, x £ T'^^iv) is irreducible. 
Therefore the second claim also holds. (2) is a consequence of Proposition 12.2.21 and Lemma [2. 2. Ill 

(3) We note that 

{gx,viE,,)) =0, 

(2.17) {v{E,,),v{E,j))^-2, 

{v{E,,),v{Eki)) >0, {E,j^Eki). 

As we see in Example 16 . 1 .21 in appendix, we can apply Lemma 16.1.11 (1) to our situation. Hence the matrix 
{—{v{Eij),v{Eik)))j,k>o is of affine type A,D,E. Then we may assume that Oio = 1 for all i. By Lemma 
16.1.11 f2). we can choose an a with —{v{Eij), a) > for all j > 0. Let be the universal family on X x X". 
(3) is a consequence of the following lemma. □ 

Lemma 2.2.18. Assume that a satisfies —{v{Eij),a) > for all j > 0. 

(1) We set 

(2.18) C^. {x« e X"|Hom(£'|;fx{.«},i?«j) ^ 0},j > 0. 
Then Cft: is a smooth rational curve. 

(2) 

(2.19) Zf e X"|Hom(£;,o,f|xx{.n) ^ = "^J^Ty 
(3) ^jC°j is simple normal crossing and {Cfj,Cfi^) — {v{Eij),v{Eik)) . 

Proof (1) By our choice of a, }iom{Eij,E\xy.{x-}) = for all e X". If C,'^- = 0, then x(£^^j,f|Xx{^°}) = 
implies that Hom(£|xx{2:°}7 ^ij) = Ext (f |xx{2:°}i ) = 0. Then ^^x^x^i-^n) ~ which is a contra- 
diction. Therefore Cf^ 7^ 0. In order to prove the smoothness, we consider the moduli space of coherent 
systems 

(2.20) N{qx,v{E,j)) {{E,V)\E € C Hom(F, ), dime 1^ = !}• 

We have a natural projection l : N{Qx,v{Eij)) X" whose image is Cg-. For {E,V) G N{gx ,v{Eij)), we 
have a homomorphism ^ : i? — )• Eiji^V^ . The Zariski tangent space at {E, V) is Hom(i?, E Eij®V^). By 
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Lemma [2.2. 151 f3). ^ is surjeetive and ker ^ £ M^'^^^-^ {gx — v(Eij)). In particular IIom(i?, E Eij V^) = 
Ext\£;,ker^). Conversely for F e Moxii)^^^ ~ viEij)) and a non-trivial extension 
(2.21) ^ F ^ E ^ E^j ^ 0, 

Lemma [2.2.151 (4) implies that E G X" and E — >■ Eij defines an element of N{gx,v{Eij)). By Corollary 
12.2.161 (1) and our choice of a, liom{F,Eij) = Hom(£'ij,F) = 0. Hence dimExt^(£;ij-, J^) = 2. Since 
M^'"^^^{gx — v{Eij)) is a reduced one point, we see that N{gx,v{Eij)) is isomorphic to P^. We show 
that L : N{gx,v{Eij)) is a closed immersion. For {E,V) S N{gx,v{Eij)), dim Hom(£', iJ^j) ~ 

dimHom(ker^, iJij) + 1 = 1. Hence l is injective. We also see that : Ext^(£^, ker^) — > Ext^(£',iJ) is 
injective. Therefore t is a closed immersion. 

(2) By our choice of a, Hom(£'io, 5|xx{.t°}) 7^ for G Zf. Conversely if Hom(£'io, f |xx{x°}) 7^ 0, then 
Lemma [2.2.81 implies that Supp(7r,(G^ CS" £'|xx{x°})) = {Pi}- Since Supp(7r*(G'^ ® £\xx{x<=-})) depends only 
on the S'-equivalence class of f |xx{a:°}j we have %p{'Ka[x"')) = pi. Thus S Zf. Therefore we have the first 
equality. By the choice of a, we also get Zf C UjC^". If Hom(f|xx{x°}7 ^'ij) 7^ 0, j > 0, then we see that 
Supp(7r,(G'^ CS) Sixxlx"})) — {Pi}: which implies that x" £ Zf . Thus the second claim also holds. 

(3) Since {—{v{Eij),v{Eik)))j^k>i is of ADE-type, by using Corollarv l2.2.16l we can show that M^^"^^(w) = 
M^'^^^^{v{Eio)) for V = v{Eio(S®j>oEfj''^), < bj < atj with (w^) = —2. In particular, they are non-empty. 
Then by a similar arguments in |0-Y1 Prop. 2.9], we can also show that UjCj" is simple normal crossing and 
(Cg , Cf^; ) = {v{Eij ) , v{Eik)). For another proof, see Corollary 12.3.121 □ 

2.3. Fourier- Mukai transforms on X. We keep the notations in subsection l2.2l Assume that X" consists 



of Qf-stable objects. Let £" be a universal family on X x X". We have an equivalence ^x^X" ■ ^i-^) 
D(X"). If be another universal family, then we see that 

(2.22) ^^fJx. o = 'i'x'^x^ [-2], L e Pic(X"). 

Let F" be the closure of the graph of the rational map tt^^ on: 

pa ^ j^a 

(2-23) j 

X > Y. 

TT 

Lemma 2.3.1. (1) We may assume that £\xx(x<=-\Z") ~ ^r°|Xx(jf"\Z")- 

(2) is characterized by £"xx{X''\Z'') o.nd det^x-lx"i^)■ 
Proof. (1) We note that S^xx{xo'\zo') = (Cr° ® P^c (L))|xx(x°\z°), where L e Pic{X" \ Z"). We also 
denote an extension of L to X" by L. Then ® p*xa{L'^) is a desired universal family. 

(2) Assume that E^xxiX'-xz^) = Px4i))|Xx(X"\z=) and det ^^X^G) = det ^^^^l^^" '^"^ (G). 

Then Li^^cy^" — Ox''\z<^ and L^'''^'^ ^ Ox'^- In order to prove L = Ojfa, it is sufficient to prove the 
injectivity of the restriction map 

(2.24) r : Pic(X") ^ Pic(X" \ Z") x [|Pic(Cy ). 

If L\x"\Z" — Ox''\z° : then we can write L — Ox {J2i j ^ij^ij)- Since the intersection matrix {{C"j , C"i.))j,k 
is negative definite, dcg{L\c''.) — J2k^ik{C^S:^^ij) — ^ ah implies that rij ~ for all i, j. Thus r is 
injective. □ 

Definition 2.3.2. We set A" := $1^^^^„[2]. 
Lemma 2.3.3. Oxin)(E)_ and A" are commutative. 

Proof. Let D be an effective divisor on X such that I? n Z = 0. It is sufficient to prove that 

(2.25) 8"<»{Ox{-D)^OxAD))'^S°'. 

We note that = Or° over X" \ Z". Obviously the claim holds over X" \ Z". By Lemma [OH we shah 
show that det A"(G(D)) = det(A"(G)(D)). We have an exact triangle 

(2.26) {£"y ^ (S'^yiD) ^ (f")^c(i?) ^ (f")''[l]. 
Since (f ")|^(£') = C'a|d(-D)[— 2], we have an exact triangle 

(2.27) A"(G) A"(G(L>)) ^ G|i5(i:') ^ A"(G)[1]. 

Hence we get det A"(G(i:')) (det A"(G))((rkG)L') ^ det(A"(G)(i:')). □ 
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Proposition 2.3.4. (1) G" A"(G') is a locally free sheaf and RTra^G""^ (g> G") = 7r„,(G"'^ (g> G"). 

(2) A°'{Eij)[j] is a sheaf where j = —1 or according as {a,ci{Eij)) < or {a,ci{Eij)) > 0. 

(3) We set A" := 7rQ,,(G"^ (E) G"). Then is a reflexive sheaf on Y. Under the identification 
X°' \ = X\Z , Gj^cy^Q corresponds to G\x\z- Hence we have an isomorphism A ^ A°' . 

(4) We identify Coh^(y) with Gohj^a[Y) via A = A". Then we have a commutative diagram 

C A"(C) 

(2-28) TLiT,-Horn{G, ) ^RTT^^-HorniG" , ) 

Coii^(r) coh^.(y) 

In particular G" gives a local projective generator o/ A"(C). 

(5) We set 



(2.29) r" 

5" 



={A"(i?^,)[-i]N,j}nCoh(X"), 

={i;e Coh(X")|Honi(£;,c) ==0,ce s*"}, 

={i? e Coh(A'")| E is a successive extension of suhsheaves of c ^ S" }. 



Then {T'^^S") is a torsion pair of Cdh{X°') and A"(C) is the tilting of Coh{X") with respect to 
(r",5"). 

(6) Let G' be a local projective generator ofC. Then A" induces an isomorphism 

Proof (1) Wc note that llom{£^^^^^^y,G[i]) ^ llom{G,£^^^^^^y[2 ~ i]^ = for i ^ 2 and x" e AT". By 
the base change theorem, G" is a locally free sheaf. By using Lemma [2.3.31 and the ampleness of C'y(I), we 
have 

H%Y, i?V„4G"^ ® G"){n)) = Hom(A"(G), A"(G)(n) [i]) 
(2.30) =Hom(A"(G),A"(G(n))[i]) 

= Hom(G,G(n)H) =i7°(r,i?V,(G''®G)(n)) =0 

for n > and i ^ 0. Therefore Wt:^{G°''^ ® G") = 0, i ^ and the claim holds. 

(2) If {a,ci{E,,)) < 0, then Hom(£:|"^^^^„j, i;,, [2]) ^ liom{E,,,£^^^^^^^y = for G X". Since 
Hom(£^,^ll^„|, £'ij) = if ^ Z", we see that A"(£'ij)[— 1] is a torsion sheaf whose support is contained 
in Zf . 

If {a,ci{E,j)) > 0, then Hom(£-|'5^^^^„j, i;,^) = for x" e X". Since Hom(£|'5^^^^„j, [2]) = if 
x" ^ Z", we see that A"(£'y) is a torsion sheaf whose support is contained in Z". 

(3) By the claim (1) and [El Lem. 2.1], A" is a reflexive sheaf. Since is isomorphic to Or^ over 
X" \ Z", we get A"(G)|X"\z° — ""a ^ ° ""(Cijcxz)- Hence the second claim also follows. 

(4) For £; e C, we first prove that R7rH.(G'*'^ ^"{E)) € Coh^c (Y). As in the proof of (1), we have 

W {Y, Rtt, (G" ^A" iE))in)) = Hom(G" ,A°'iE) (n) [i] ) 
^"^'^^^ =Hom(G,i;(n)[i]) = 

for i 7^ 0, n > 0. Therefore iJ*(R7r,(G"^ (g) A"(_E))) = for i ^ 0. For e C, we take an exact sequence 
(2.32) G{-mf^^ -> G(-n)®^ E ^ 

Then we have a diagram 

Ai-m)®^^ > A{~n)®^ > 7r,(G^®£;) ^0 



(2.33) 



^"(-m)®*^ > ^«(-n)®^ ^ 7r,(G«^ ® A«(£;)) > 



which is commutative over Y* := Y \ {pi,p2, • ■ • ,Pti}, where and i/i are the isomorphisms induced by 
A = A". Let j : y* ^ y be the inclusion. Since 'Hom{A,A") jtj*'Hom{A, A") is an isomorphism, 
(|2.33p is commutative, which induces an isomorphism ^ : 7r*(G^ (X) i?) — > 7r,(G"^ (X) A"(iJ)). It is easy to see 
that the construction of ^ is functorial and defines an isomorphism R7r»HoTO(G, ) = R7r,Hom(G", ) o A". 

(5) Since A" is an equivalence, A°'{Eij) are irreducible objects of A"(C). By Lemma [1.1.71 and Proposition 
11.1.191 we get the claim. 

(6) We note that the proof of (1) implies that A"(G') is a local projective generator of A"(C). By Lemma 
x(G', E{n)) = x(A"(G'), A"{E){n)). Hence the claim holds. □ 
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Remark 2.3.5. If C Pct{X/Y), then Ox Fct{X/Y) and A"{Ox) is a line bundle on X". Hence we 
may assume that A"(Ox) = Cx°- Then Hom(Ox° , A"(Oc',, (-1)) W) = for all n. Thus A"(Oc,, (-1)) W 
is a successive extensions of Od^i—^)- We also get Hom(Oxo, A"(C'2. )) = C and Hom(Ox°, A"(C'2.)[n]) = 
for n 7^ 0. 

Since A" is an equivalence with A'^(gx) ~ we have the following corollary. 
Corollary 2.3.6. For a general a, the equivalence 

A" A"(C) 

induces an isomorphism: 

A" ■■ ^o!ii)i8xr ^ M'^''^^^lf\gx^r, 

where 13 E gj^. 

2.3.1. Wall and chambers. For the 0-stable objects Eij in Theorem l2.2.171 we set Vij := v{Eij). By Lemma 
12.2.51 {Eij} is the set of irreducible objects E with Supp(£^) C VJiZt. Let Qi be the finite Lie algebra whose 
Cartan matrix is {—(vij,Vik)j.k>i) and 



(2.34) i?, <j u = ^7i'yW,;, 

j>0 



(^^2) = -2,n^>0 



Then Ri is identified with the set of positive roots of Qt. In particular, Ri is a finite set. 
Definition 2.3.7. For u e UiRi, we define the wall as 

{u,a) _ {v,a) 



(2.35) := aeNS(X)®„. 

(u,u(G)) {v,v{G)) 
A connected component of NS(Ar) (g) R \ UuWu is called a chamber. 
Remark 2.3.8. If ?j = gx, then = u^. 

Lemma 2.3.9. Let v be the Mukai vector of a 0-dimensional object E, which is primitive. 

(1) M Q^(^i^{v) consists of a-twisted stable objects if and only if a ^ UnW^j. We say that a is general 
with respect to v. 

(2) If a is general with respect to v, then the virtual Hodge number of M^'_^^^s^{v) does not depend on 
the choice of a. In particular, the non-emptyness of M'^'^^^^^iv) does not depend on the choice of a. 

Proof. (1) For E <E Afox(i)(v), we assume that E is S'-equivalent to ©f^i^i. If {v{Ei)^) ~ for all i, then 
v{Ei) g 'Zyogx- Hence v = J^^^i '^{^i) is not primitive. Therefore we may assume that {v{Ei)'^) = —2. By 
the a-stability of Ei, Supp(i?i) C Zi for an i. Since Ei is generated by {Eij\Q < j < Si}, v{Ei) £ (Bj'^f^Z>oVij . 
Then we see that v{Ei) e ±Ri + 'Zgx- Therefore the claim holds. (2) The proof is similar to that of [Y3[ 
Prop. 2.6]. □ 

Lemma 2.3.10. (1) Let wi := viq + X^^Li '^ij^ij; "-y > be a Mukai vector with (wf) > —2. Then 

there is an a-twisted stable object E with v{E) = wi for a general a. 
(2) Let W2 G Ri be a non-zero Mukai vector. Then there is an a-twisted stable object E with v{E) = W2 
for a general a. 

Proof. (1) By Proposition 12.3. l"6l below, we may assume that C = Pcr(X'/y, bi, ...,b„). The claim follows 
from Lcmmc [2.3.191 below and Lemma [2.3.91 (2). Instead of using Lemma [2.3.191 we can also use Corollary 
12.2.161 to show the claim for a special a. 

(2) We set wi :— J2'j=o O'ij^ij ~ ^^2- Then wi is the Mukai vector in (1). We can take a general element 
a e NS(X) (g) Q such that {a, wi) ~ 0. Then a is general with respect to wi and we have a a-twisted stable 
object E with v{E) = wi. We consider X" such that a' is sufficiently close to a and {a',v{E)) > 0. Since 
A" is an equivalence, there is a morphism (j) : E ^\{y}xX' where y € X°' . By our choice of a, coker(/) is 
an a-twisted stable object with u(cokcr0) = W2. Then the claim follows from Lemma [2.3.91 (2). □ 

2.3.2. A special chamber. We take a £ gx with —{v{Eij),a) > 0, j > 0. 

Lemma 2.3.11. A"{Eij)[-l], j > is a line bundle on Cg. We set h"{Eij) := Ocg (5fj ) [1] . 

31 



Proof. We note that A" Cx» = Ii}lom{£^^^^_^^y, E,j[2]). Then H^{K{E,j) d C^^c) = for fc 7^ 
-1,-2. Hence H^{K'^{E,j)) = for fc 7^ -1,-2 and H-'^{K°'{E,j)) is a locally free sheaf. By the proof 
of Theorem [2X13 (3), Supp(i7''XA"(i^»j ))) C Cf^ for aU fc. Hence H-^{A°'{E,j)) = 0, which implies that 
A"{E,,)[-1] e Coh(X"). Since Hom(C,», A"(i;,j)[-1]) = Hom(f|'^^^^„p 1]) = 0, A''{E,,)[-1] is 
purely 1-dimensional. We set C Div(A"(£;.y )[-l]). Then (C^) = (z;(A"(£;,j)[-l])2) = (t;(-B^j)2) = -2, 
which implies that C — C"^ . Therefore A" (E'.y ) [— 1] is a line bundle on C"^ . □ 

Corollary 2.3.12. (1) (Cg,C<?^-0 = {v{E.,),viE,,,,)) . 
(2) {Cj"} is a simple normal crossing divisor. 

Proof. (1) By Lemma mH {C^^^C^^,) = {v{K^{E,,)),v{K^{E,, y))) = {v{E,^),v{E,, y)) . Then (2) also 
follows. □ 

E'io is a subobject of £\xy.{x'^} foi' 2;" € Zf and we have an exact sequence 

(2.36) 0^£;,o^f|xx{xn^^^O' 

where is a 0-semi-stable object with gr(F) = Then we get an exact sequence 

(2.37) O^A"(^^)[-l]^A"(i;,o)^C,= ^0 
in Coh(X"). Thus A"{Em) e Coh(X"). 

Definition 2.3.13. We set A% -.^ A°'{Em) and Af^ := A"{E,j) = Oc^^{bf^)[l] for j > 0. 

Lemma 2.3.14. (1) Hom(Afo, [-1]) = Ext^(Afo, [-1]) = 0. 

(2) We set hf {bf^,b^2^ . . . ,bf^J . Then Af„ = ^o(bf). In particular, Ho-m{Af„,Cx^) = C for 
x" £ Zf. 

Proof. (1) We have 



(2.38) 



Hom(A^o, A^^.[fc]) = Hom(A"(£;,o),A"(£;y-)[fc]) 
= Hom(i;,o,£;.y[fc]) =0 
for k = -1,0. 

(2) By (P37|) and (1), we can apply Lemma [LlIIH] and get Afg = ^o(bf) = Ap,. □ 

Remark 2.3.15. Assume that a e satisfies -{v{Eij),a) < 0, j > 0. Then ^{Eij)[2] = Ocf ib'-j), j > 
and $(i?.o)[2] = Ao(b'/)[l] belong to Per(XV>^, b'/, KO*, where b^' := (6^'i, 6^;j. 

By Proposition [233 we have the following result. 

Proposition 2.3.16. If — {a,v{Eij)) > for all j > 0, then A" induces an equivalence 

C^Per(X7r,b?,...,b^), 

where hf = {bf„...,bfj. 

Proposition 2.3.17. Assume that there is a (3 E gj^ such that are (3-stable for all x £ X. 

(1) We set J- :~ £"^[2]. Then we have an isomorphism 

X -> Af^°'™(px.) = (X")A°(« 
(2.39) L 

X H> T^Cx- 

Since 'S>^1% = We C ^ 'S>^l%{Fcv{X^ /Y,hf, 

(2) We also have an isomorphism 



X ^ A'/,^" ; -^x-.. ^'^^(gj,„) 

(2.40) L 



(G°)^,-nxcoA°(/3)^ 
Ox=(l) 

X 1-^ £^ 

where DxaoA ig ^/jg moduli of stable objects o/A"(C)^. 



^Ox=(l) 

r/iMS A" and are Fourier-Mukai dual. 

Proof. (1) is a consequence of Corollarv l2.3.6l (2) is a consequence of (1) and the isomorphism A^^^'J^j^^ (giX" )'''' — ^ 

(ir^""" '"'^ )"" defined by Dx^ [E) [2] . □ 

The following proposition explains the condition of the stability of C^,. 

Proposition 2.3.18. C = A'''(Pcr(A''/y, bi, ...,b„)) with X = {X')'^ if and only if there is a (3 G gj^ such 
that Cx are (3 -stable for all x €z X . 
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Proof. For X ~ {X')'', 7-stability of £'^x'x{x} ^-'^'^ Corollary 12.3.61 imply the /3-stability of C^;, where /3 := 
A'^(7). Conversely if C^; are /3-stable for all x G X, then Proposition 12.3.171 (1) implies the elaim, where 
X' :=X" and7 := A"(/3). □ 

We giye two examples of C satisfying the stability condition of C^: . 

Lemma 2.3.19. (1) Assume that C = Per(X/r,bi, ...,b„). // -{a,v{Oc,j{bij)[l])) > for all j > 0, 

then X = X°^ by sending x € X to Cx G X". Moreover Ap. (g) Oc such that Oc is a purely 
1-dimensional Ozi-module with x(C'c) — 1 ^'^e a-stable. 
(2) Assume that C = "Per(X/y, bi, b„)*. If -{a,v{Oc,,{bij))) < for all j > 0, then X X"" by 
sending x € X to <Cx € X". 

Proof. We only prove (1). Since C^;, x G X \ Uf^iZi is irreducible, it is a-twisted stable for any a. For 
X G Zi, assume that there is an exact sequence 

(2.41) ^ El ^ Cx ^ E2 ^ 

such that Ei^0,E2^0 and -{a,v{Ei)) = x{v^^{a),Ei) > 0. We note that -{a,v{E,j)) > for all j > 0. 
Since {a, gx) ~ 0, (a, w(^o(bi))) = — ^j-yQO'ij{oL,v(Eij)). As a 0-semi-stable object, E\ is S'-equivalent to 

ffij">oCcij ; o^ij < o.ij. Since Hom(C'cij )[1], C^;) = 0, this is impossible. Therefore is a- 

twisted stable. Then we have an injectivc morphism : AT — > AT" by sending a; € X to C^;. By using the 
Fourier-Mukai transform • I^(^) ^ -0(^)5 ^^^c that is surjective. Since both spaces are smooth, 

is an isomorphism. The last claim also follows by a similar argument. □ 

2.3.3. Relation with the twist functor |S-Tj . Let F be a spherical object of T){X) and set 

(2.42) £::=Cone(i^''Ki^^C'A)[l]. 
Then Tp := ^x^x autoequivalence of 'D(X). 

Lemma 2.3.20. Let U : D(X) E)(y) be a Fourier-Mukai transform. Then 

(2.43) n o Tf = rn(F) o n. 

Proof Let E G D(X x Y) be an object such that H = ^x^v I* is sufficient to prove Il{£) = rn(F)(E). We 
set := AT, i = 1, 2. We note that = Romp{Oxi ^ Oa), where p : Xi x X2 Xi is the projection 
and A C ATi X X2 the diagonal. Then 

(2.44) £ = Cone(Homp(C'xi M F,Oa) ^ F ^ Oa)[1]- 

Let PX2 ■ Y X X2 X2, py ■ Y X X2 — > Y and g : ATi x y — > ATi be the projections. We have a morphism 

(2.45) Homp(Oxi Ki^,OA)^Hom,,(Ox, H(E®p3f^(F)),(Oxi ^E)|A') 

^Homg(Oxi ^Rpy*(E®Px.(^)),E), 

where A' = A x y and q' : Xi x Y x X2 Xi is the projection. We also have a commutative diagram in 
D(F X Xi): 

Homp {Ox, K F, Oa ) K n(F) — ^ E 

(2.46) 7 

Hom,(Clxi K$|^y(F),E) Hn(F) — ^ E. 

Since H is an equivalence, 7 is an isomorphism. Since ll{£) = Cone(Q;)[l] and Tn(F)(E) = Cone(/3)[l], we 
getn(f)=Tn(F)(E). □ 

Corollary 2.3.21. Assume that Supp(iJ'(F)) C Z for all i. Let D be the pull-back of a divisor on Y . Then 
Tf{E{D))^Tf{E){D). 

Proof. We apply Lemma [2X201 to H = Since n(F) F, we get our claim. □ 

Proposition 2.3.22. Assume that «) G satisfies i?^7r,(G^ G) = 0. Assume that G' := Tf{G) is a 
locally free sheaf up to shift. 

(1) RItt^G'"^ ® G') = and ■k^{G''^ ® G') ^ 7r,(G^ ® G). 
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(2) We set A! := t:^{G'^ ® G'). We identify Coh^(y) with Coh^.(y) via A = A!. Then we have a 
commutative diagram 

Per(X/y,bi,...,b„) T;^(Per(X/y,bi,...,b„)) 

(2.47) ■R.-K,Hom(G, )| |R7r.Wom(G', ) 

Colu(F) Coh^,(y) 

Proof. The proof is almost the same as that of Proposition 12.3.41 □ 

Definition 2.3.23. For an a E ® Q, A"" denotes the moduli stack of a-semi-stable objects E oi C such 
that v{E) = Qx- 

For an a e ®% let F be an a-stable object such that (i) {v{FY) = -2 and (ii) (a, = 0. By 

(i), is a spherical object. By the same proof of jO-Y[ Prop. 1.12], we have the following result. 



Proposition 2.3.24. We set a :— ±ev{F) + a, where < e <C 1. Then Tp induces an isomorphism 
(2.48) 



E ^ Tf{E) 

which preserves the S-equivalence classes. Hence we have an isomorphism 

(2.49) X'^'-^X"'^. 

Combining Proposition 12 .3 . 24l with Lemma [2.3.201 we get the following corollary. 

Corollary 2.3.25. Assume that a belongs to exactly one wall defined by F. Then Tp induces an isomorphism 
X" — > X" . Under this isomorphism, we have 



v + 



(2.50) - Tp o ci>^:_^^ - o t^, 

where A S'^^Hf)- 

2.4. Construction of a local projective generator. We return to the general situation in section l^TTl 
We shall construct local projective generators for Per(X/Y, {Lij}). 

Proposition 2.4.1. Let (3 be a 2-cocycle of defining a torsion element of H^{X,Ox)- Assume that 
E e KP{X) satisfies 

< ~x{E,L,j), l<j< s„ 
tj) < r 

3 

for all i. 

(1) There is a locally free /S-twisted sheaf G on X such that R^tt^{G'^ (E)G) = 0, R7r,(G^«)F) G Coh(r) 
for F e Per(X/y, {L,j}), G is ^-stable and t{G) = t{E) - nT{C^), n > 0. 

(2) There is a locally free jS-twisted sheaf G on X such that R^tt^{G^ ®G) = 0, R7r*(G^®F) G Coh(r) 
for F G Per(X/y, {iy }) and t{G) = 2t{E). 

(3) Moreover if the inequalities in (12.5ip are strict, then G in (1) and (2) are local projective generators 
o/Pcr(X/r,{L„}). 

Corollary 2.4.2. Assume that {r,£) e Z>o ® NS(X) satisfies 

{)<{tC^,)-r{h,+l), l<j<s„ 
(2-52) ^ a,^{^, C,,) - r ^ a,, (6,, + 1) < r, 

3 3 

for all i. 

(1) For any sufficiently large n, there is a local projective generator G o/Per(X/y, bi, ...,b„) such that 
G is a ^-stable sheaf with respect to H and (rkG, ci(G), C2(G)) ~ (r, ^,02). 

(2) For any e G K(X)top with (rke, ci(e)) = (r,^), there is a local projective generator G .such that 
t{G) = 2e. 

Proof of Proposition \2.4-l\ 

(1) We assume that H is represented by a smooth connected curve with Z O H ^ (d, where Z = J27=i ^i- 
We take a torsion free sheaf E such that Fjxt^{E,E{—Z — H))a = 0. By the construction of E, we may 
assume that E is locally free on ZUH. We consider the restriction morphism of the local deformation spaces 

(2.53) : Def (X, E) Dcf (Z, E\z) x Def (TJ, E\h)- 
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Then Dci{X,E) and Dci{Z, E\z) x ^ci{H, E\h) arc smooth, and (j) is submcrsivc. In particular, by using 
Lemma [2.4.31 below, wc see that E deforms to a locally free /3-twisted sheaf G such that G is /i-stable with 
respect to and Hom(G,Lij) = Ext^(G,ApJ = OforaUi,j. By Remark ll.l.23[ Proposition[2XT](l) holds. 

(2) By (1), we have locally free sheaves E,, i = 1,2 such that R^ti^{E^ ®Ei) = 0, Rtt* (G,^ «) F) e Coh(y) 
forF e Per(X/y,{L„}), T{Ei) = r(F)-niT(C^) andni+na = n^{H^)rkE. Then G = Ei{nH)®E2{-nH) 
satisfies the claim. 

(3) The claim follows from Proposition II . 1 . 22l □ 
Lemma 2.4.3. (1) E^z deforms to a locally free P-twisted sheaf such that 

(2.54) H'^{C,j,E'^ (E)L,j) = H^Z.^E" ® A^^) = 
for all i,i . 

(2) E\ii deforms to a jj-stable locally free /3-twisted sheaf on H . 

Proof. (1) Since E\z = ®'^=iE\Zi, we shall prove the claims for each E\Zr Since H'^{Z,Oz) = {!}, there 
is a /?- twisted line bundle £ on Zi which induces an equivalence (p : Coh^{Z) = Coh(Z) in (|1.134p . Since 
Pic(Zi) Z*'' (L I-)- rijLi 'ieg(L|c.^ )) is an isomorphism, we may assume that ip{Lij) = Oc.^(— 1). Thus 
we may assume that /3 is trivial and Lij ~ Oc. .(— 1). In this case, we have Ap. = Ozi- Then we have 
Aeg{E\Ci ) ^ for all j > and dcg{E\Zi) < r. Let D be an effective Cartier divisor on Zi such that 
(i?,Gy) = deg(F|c.,). Then 

(2.55) K kcv{H\Oz,nD) ® Oz, ^ Oz^no) 

is a locally free sheaf on Z, such that ^ (Z, , A") = and i?" (G^ , ATi c.^. (- 1 ) ) = 0. Since vkK = dim iJ" (O ) 
degz,(-D) = deg(£:|z.) < r, we set F := if^ ® ^©(rkB-rkK)^ g.^^^ F is a locally free sheaf with 
(rkF, det(F^)) = (rk , det(i?|2. )), we get the claim by Lemma [2.1.41 and the openness of the condi- 
tion 

(2) is well-known. □ 

Corollary 2.4.4. Assume that tt is the minimal resolution of rational double points pi, ...jPn- Let C be the 
category in Lemma \1.1.5\ and Eij, 1 < i < n, < j < Si the 0- stable objects in Lemma \2.2.12\ (2). For an 
element E S K{X) satisfying xiE,Eij) > for all there is a local projective generator G of C such that 
t{G) = 2t{E). 

Proof. We consider the equivalence A" in Proposition 12. 3.161 Then since x(A"(-E), A"(£'ij)) > for all z, j, 
Proposition l2.4.11 implics that there is a local projective generator G" of A"(C) such that t(G") = 2T(A"(i?)). 
We set G := (A")-i(G") e C. Then 

H^{X, H''{G ® C^)) =H''{X, G I C^) 

(2.56) =Hom(C„G[fc + 2]) 

= Hom(A"(C:,),G"[fc + 2]) 

= Hom(G",A"(C^)[-/c]) 

for all X € X and k ^ 0. Therefore G is a locally free sheaf on X. Since G" is a local projective generator 
of A"(C) and A" is an equivalence, G is a local projective generator of C. □ 

2.4.1. More results on the structure of C. Let C be the category of perverse coherent sheaves in Lemma 
[TX51 Assume that there is ;3 e NS(X) ® Q such that is ^-stable for all a; G AT. By Proposition l2.3.18l 
C = A"(Per(X7y,bi, ...,b„)). So wc first assume that C = Per(A:/y,bi, ...,b„) and set 



(2.57) E, 



^o(b), j=0. 



We set Vij := v{Eij). Let uq be an isotropic Mukai vector such that ro := rkuo > 0, (uq, Wy) = for all i,j. 
We set 

n Si 

(2.58) L := Zuo + 

1=1 j=0 

Then L is a sublattice of H*{X,Z) and we have a decomposition 

(2.59) L = {Zuo ® Zgx) -L (©JLi ©^'Li Z«ij)- 
We set 
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Then we have an isometry 

(2.61) -> T 

V 1-^ ci(v). 

Combining the isometry Zuq ® '^Qx Z^o © '^Qx {^uq + z£)a' xi^q + zgx)^ we also have an isometry 

(2.62) : {Zuo ®Zgx)l- ®%i ^%-) ^ (^^o ffi Zg-x) -L T 

Let 0j; (resp. 50 be the finite Lie algebra (resp. afiine Lie algebra) associated to the lattice (BjLi^'^ij (resp. 
©^LgZwij). Let (resp. g) be the Lie algebra associated to (Bf^i '^^ij (resp. (Bf^i ffi^Lo '^Vij). 

Let VF(gi) (resp. W^(fl)) be the Weyl group of Qi (resp. g) and Wi (resp. W) the set of Weyl chambers 
of W{Qi) (resp. VF(g)). Since^g = ©f^ig,, 1^(0) = nr=i and W^= nr=i W^- By the action of W{q), 

Quq + Q^Qx is fixed. Let W(^i) (resp. W^(5)) be the Weyl group of (resp. g). We have the following 
decompositions 

^ ' W{q) =T >^ 1^(0), 

and the action of _D G T on L is the multiplication by e^. Indeed 

as an isometry of L. 

We shaU study the category A"(C). We may assume that a £ NS(X) (g) Q is a = with Ui &Ti® Q. 

Via the identification we have an action of on T (g) Q. We set 

Cf"^'^ e T, ® R|(a, ) > 0, 1 < j < s.}, 

(2.64) 



^fund ^fund 



1=1 

(jiund ^j^g fundamental Weyl chamber. If a € (j^^^'^, then Lemma [2.3.191 implies that C^; is a-stable for all 
a; e X. By the action of W{q,), we have = W{Q,)Cf'''^. We also set 

(2.65) C^nic ST® K|(a, C,,) > 0, 1 < j < s„ {a, Z,) < 1}. 

By the isometry we have 

(a,Cy) =- (V'"^(a),%) 
(2-66) uo , (a2) 



-((^— +V (a) + — -^?x),%> = -(e '-"0 
for j > and 1 — {a, Zi) = 1 + X^jLi ^.^^(e ^^"f v^j) — — (e^^^^*^, v^o). Hence we have 

(2.67) Ci^ove ={a e T ® Ml - (6^^+", z;.,) > 0}. 

Applying Corollarv l2. 3. 251 successively, we get the following result. 

Proposition 2.4.5. If a G T (g) Q belongs to a chamber C ~ n"=i C Ti (E) Q, then there are rigid 

objects Fi, Fn G C such that X°' = X and ^x^x = '^Fn ^^^F^-i ° ' ' ' • Thus A" ~ (^x-s-Js:)^^ induces 
an isometry w{a) of L. 

Then we have a map 

.o.o^ 0: W ^ l^(0)/r 

^ ^^^> C(a) ^ [w{a) modT], 

where C(a) is the chamber containing a. 

Lemma 2.4.6. (j) : W ^ W(q)/T = W{g) is bijective. 

Proof. There is an element ao in the fundamental Weyl chamber such that a — ^x^xi'^o)- Hence 
w{a){C{a)) = C{ao). Thus (f> is injective. Since #Wi = #W(gi), is bijective. □ 

We set 

(2.69) T* ■.= {DeT®Q\{D,aj)eZ}. 

Then W :^ T* ><i W{g) is the extended Weyl group. By the action of W, we can change (bi, ...,b„) to any 
sequence (b'^, bj^). 
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(2.70) 



Proposition 2.4.7. LetC he the category in Lemma U . 1 . 5\ and assume that there is /3 G NS(X)c>5Q such that 
<Cx is P-stable for all x G X. Then C is equivalent to ^^Vcr{X/Y). In particular, Pcr(X/y, bi, b„) = 
-iPer(X/y). 

Proof. We may assume that C = Per(X/y, bi, b,i). We set 

\v{Oz^). J=0. 
By the theory of affine Lie algebras, there is an element w G W(g) such that 

w{{PeT®R\-{e^,v,j)>0,i,j>0}) 
={/3 G T«)R| - (e'^,uy) > 0,i,j > 0}. 

Then we have 

{wK)|0 < J < sj = {uy|0 <j< s,} 

for all i. 

For each i, there is an integer ji such that (1) ci{w{v.ij^)) is effective and (2) —ci{w{vij)), j ^ ji are 
effective. By LemmaUm we have w = e'^(/)(a), G T.' Since 7;(A"(£;y) (g) Ox{D)) = e^w(A"(£;jj)) = 
e^(j>{a){vij), Proposition 12.3.41 (2) implies that ~{a,ci{Eij)) > unless j = ji. By Lemma [2.2.f 81 and 
Lemma r2.3.f f 1 A"{Eij)[—l], j ^ ji is a line bundle on a smooth rational curve and A"{Eij.) is a line bundle 
on Zi. Thus 

{A"(i?,,) ® ^ .7.} ={Oc.,(-l)[l]|0 < J < sj, 

By Proposition 12X1(5), we get A"' {C) (g) O x (D) =-'^ Pcr(X/y). □ 

Remark 2.4.8. For the derived category of coherent twisted sheaves, we also see that the equivalence classes 
of Per(X/y, {Lij}) does not depend on the choice of {Lij}. 

Proposition 2.4.9. We set v = (r, ^, a) G H'''"{X, Z)aig, r > 0. Assume that (^, D) ^ rZ /or all D e T with 
(_D^) = —2. Then there is a category of perverse coherent sheaves Cy and a locally free sheaf G on X such 
that G is a local projective generator of Cy with v(G) = 2v. We also have a local projective generator G' of 
Cy such that G' is fi-stable with respect to H and v{G') = u — bgx, 5^0. 

Proof. We set C = Per(X/y, bi, b„) and keep the notation as above. By our assumption, (w, u) ^ rZ for 
all (— 2)-vectors u E L. Then there is w G 14^ such that v = w{vf) and Vf/r belongs to the fundamental 
alcove, that is, —{vf/r,Vij) > for all i,j. By Lemma 12.4.61 we have an element a such that w = e^(j){a), 
D E T. By Proposition 12.4.11 there is a local projective generator Gf of C such that v{Gf) = 2vf. Wc 
set Cy := A"(C) (g) Ox{.D). Then G" := A"(G/) is a local projective generator of Cy ® Ox{-D). Hence 
G := G°'{D) is a local projective generator of Cy such that v{G) = 2v. □ 

2.5. Deformation of a local projective generator. Let / : {X,£) — > 5 be a flat family of polarized 
surfaces over S. For a point sq G S, we set X := Xg^. Let H be a relative Cartier divisor on X such that 
H := T-Lsa gives a contraction / : X — >■ F to a normal surface Y with R7r*(C'_Y) = Oy- We shall construct a 
family of contractions f : X ^ y over a neighborhood of sq. 

Replacing H by mi?, we may assume that H\X, Ox{mH)) = H'{Y, OyimH)) = for m > 0. Wc shaU 
find an open neighborhood 5*0 of sq such that W f^,{Oxs„{'n^'H)) = 0, i > 0,m > and f^,{Oxg^^{m'H)) is 
locally free: Wc consider the exact sequence 

(2.73) ^ Ox{mH) Ox{{m + 1)H) On{{m + 1)H) 0. 

Since "H — > S* is a flat morphism, the base change theorem implies that f^,{Ox{'mH)) -> f^,{Ox{{iTi + 
1)H)) is surjective, if (m + 1){H^) > (H^) + {H,Kx). We take an open neighborhood Sq of sq such that 
R^f40xs^{mn)) = 0, i> 0, {H,Kx)/{H'^) > m > 0. Then the claim holds. We replace S by So and set 
y := Proj(©m/*(OA'(m'H))). Then y is flat over S and J^s^ = Y. By the construction, 3^ ^ S" is a flat 
family of normal surfaces. 

Let Z := {x G X\ dim7r~^(7r(x)) > 1} be the exceptional locus. Then {{Zg, Cs)\s G S"} is a bounded set. 
Hence T> := {D G NS(<Y5)|s G S, {D,Hs) = 0} is a finite set. Replacing S by an open neighborhood of sq, 
we may assume that 13 G I? is a deformation of Dq G NS(Ar) (i.e., D belongs to NS(Ar) via the identification 
H^{Xs,Z) = H^{X, Z)). 

Lemma 2.5.1. Assume that there is a locally free sheaf G on X such that i?^7r*(G^ (X) G) = and rkG f 

{ci{G)so, D) for all (—2)-curves with (_D,'Hso) ~ 0- Then replacing S by an open neighborhood of sq, we 
may assume that rkG \ {ci{G)s, D) for all {—2)-curves with {D,'Hs) = 0. Thus G is a family of tilting 
generators. 
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As an example, we consider a family of A'3 surfaces. Let X be a K3 surface and tt : X ^ Y a. contraction. 
Let Pi, i = 1,2, be the singular points and Zi := '^jiijCij their fundamental cycles. Let H be the 
pull-back of an ample divisor on Y. Assume that (r, ^) S Z>o x NS(X) satisfies r \ (^, D) for all (— 2)-curves 
D with {D,H) = 0. By Proposition 12.4.91 there is a category of perverse coherent sheaves C and a local 
projective generator G of C such that G is /x-stable with respect to H and (rkG, ci(G')) = (r, ^). Replacing 
G by G ® L®", L € Pic{X) and C hy C L®"\ we assume that ^ is ample. If (Q^ + QiJ) n does not 
contain a (— 2)-curve, then we have a deformation {X,C) S oi (X, C) such that T-Ls is ample for a general 
s G S. Since G is simple, replacing S* by a smooth covering S' — ^ 5, we also have a deformation Q oi G over 
iS*. By shrinking S, we may assume that Q is a family of tilting generators. Then we can construct a family 
of moduli spaces / : Af^;^. h)/s^''^) ^ ^ °f ^s-twisted semi-stable objects on Xs, s <E S (for the twisted cases, 
see Step 3, 4 of the proof of |Y41 Thm. 3.16]). By our assumption, a general fiber of / is the moduh space 
of CJj-twisted semi-stable sheaves, which is non-empty by Lemma 16.2.31 Hence we get the following lemma. 

Lemma 2.5.2. Assume that v is primitive and [v^) > —2. Then f is surjective. In particular, M^;^ -h)/s(''^)so 
0. 

Remark 2.5.3. We note that R := {C e m{X)\{C,H) = 0, (G^) = -2} is a finite set. If p{X) > 3, then 
UceniQH + QG) is a proper subset of NS(X) (g) Q. Hence (Q^ + QH) n i? for a general ^. In general, 
we have a deformation {X,£) — > 5 of (X,^) such that Q is a family of tilting generators and p{Xs) > 3 for 
infinitely many points s € S. 

Remark 2.5.4. By the usual deformation theory of objects, we note that •h)/s(^) — > S* is a smooth 

morphism. If Af^^^ w)/s(^)so ~ ^^{x •h)/s('^)so7 then we have a smooth deformation M^;^ ■h)/sW) S oi 

^^^(x •H)/s(^)so- In particular, M^^^p^ ■H)/si^')so deforms to a usual moduli of semi-stable sheaves. 

Corollary 2.5.5. Let vq = (r, ^, a) be a primitive isotropic Mukai vector such that r J[{^,D) for all (— 2)- 
curves D with {D,H) = 0. Let C be the category in Proposition \2.4-'3\ Then (vq) ^ 0. 

Proof. By Lemma r2.5.2l and Remark l2.5.3[ we see that M^(uo) ^ 0. By the same proof of jO-Yl Lem. 2.17], 
we see that "(''^o) ^ for a general a. Then "(^^o) is a K3 surface. In the same way as in the 

proof of ^0-Y[ Prop. 2.11], we see that M^°{vo) ^0. □ 

3. FOURIER-MUKAI TRANSFORM ON A K3 SURFACE. 

3.1. Basic results on the moduli spaces of dimension 2. Let y be a normal K3 surface and n : X Y 
the minimal resolution. Let pi,P2, ■ ■ ■ ,Pn be the singular points of Y and Z.j := TT~^{pi) = X^jLo '^ij^ij the 
fundamental cycle, where Gy are smooth rational curves on X and Uij G Z>o. We shall study moduli of 
stable objects in the category C in Lemma 11.1.51 satisfying the following assumption. 

Assumption 3.1.1. There is a (3 G gj^ (E) Q such that C^r is /3-stable for a\\ x £ X. 

By Proposition 12 . 3. 18l there are :— {bn, bi2, . . . , bis.) S Z®*' and an autoequivalencc ^x-ix ■ ^i-^) ~^ 
T){X) such that $J,l[^j,(Per(A:/r)) = C, where Per(A:/y) := Per(A:/y, bi, . . . , b„) and J" is the family of 
*x^x(/3)-stable objects of Per(X/r) in Proposition |2JT8| We set 

(3.1) A., : 

Throughout this section, we assume the following: 

Assumption 3.1.2. vq + Co + clqQx, tq > 0,^0 S NS(A') is a primitive isotropic Mukai vector such 

that {vo,v{Aij)) < for aU i,j. 

By Corollarv l2.4.4[ we have the following. 

Lemma 3.1.3. There is a local projective generator G of C whose Mukai vector is 2vq. More generally, for a 
sufficiently small a € ('fo^ng^)®^, there is a local projective generator G ofC such thatv{G) € Q>o(vo + Q!)- 

Let H be the pull-back of an ample divisor on Y . For a sufficiently small a E {vq gj^) (E) Q, we take 
a local projective generator G of C with v{G) G Q>o(t'o + "). We define vo + a-twisted semi-stability in a 
usual way. Since it is equivalent to the G- twisted semi-stability, we have the moduli space M^^^" (vq). Let 
M^°+°'{vo) be the moduh space of Wo -I- a-stable objects. By Corollarv l2.5.5[ M^'{vo) ^ 0. Hence we see 
that Ad^^"" (vo) is also non-empty. Then we have the following which is well-known for the moduli of stable 
sheaves on K3 surfaces. 
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Proposition 3.1.4. (1) M'^'^" (vq) is a smooth surface. If a is general, thenTl"^^" (vq) = M^'^"{vo) 
is projective. 

(2) If M ^ {vq) — M'^'^°'{vq), then it is a Ki surface. 
For the structure of M^^{vq), as in jO- Yj . we have the following. 
Theorem 3.1.5. (cf. ^J-Y\ Thm. 0.1]; 

(1) M^{vq) is normal and the singular points 91,(72, ■ • ■ , 9m of M^{vq) correspond to the S-equivalence 
classes of properly VQ-twisted semi-stable objects. 

(2) For a suitable choice of a with ^ 1, there is a surjective morphism tt : M^^'^"' (vq) = 
A'/^"^"(wo) — > M^(wo) which becomes a minimal resolution of the singularities. 

(3) Let ^j^gSfj be the S-equivalence class corresponding to qi, where Eij are VQ-twisted stable 
objects. 

(a) Then the matrix (—{v{Eij),v{Eik)))j,k>o is of affine type A,D,E. 

(b) Assume that o^q = 1. Then the singularity of Mfj{vo) at Qi is a rational double point of type 
A,D,E according as the type of the matrix {—{v{Eij),v{Eik)))j.k>i- 

Remark 3.1.6. A (— 2)-vcctor u E L := Vq O n Z)aig is numerically irreducible, if there is no 

decomposition u = J^i^i'^i such that Ui G L, (uf) = —2, rku > rku^ > 0, 6^ e Z>o- If u is numerically 
irreducible, as we shall see in Proposition 13.2.141 there is a wo-twisted stable object E with v{E) = u. 
In particular, if there is a decomposition vq = X]i>o such that Ui € L are numerically irreducible, 
(uf) ~ —2, rkuj > and a; G Z>07 then there are wo-stable objects Ei such that v{Ei) ~ ui, and hence 
Vq — v{(BiE®°''). Thus the types of the singularities are determined by the sublatticc L of II*{X,'L). 

We shall give a proof of this theorem in subsection 13.21 We assume that a £ {v^ f^ Qx) \s general 
and set X' := M^^°'{vo). X' is a K3 surface. We have a morphism cj) : X' M^'(uo). We shall explain 
some cohomological properties of the Fourier-Mukai transform associated to X' . Let £ he a. universal family 
as a twisted object on X' x X. For simplicity, we assume that £ is an untwisted object on X' x X. But all 
results hold even if f is a twisted object. We set 

Gi ■■=£\{x'}xx £ K{X), 

(3.2) G2:=5|VxMeAW, 

G3 :=^|X'x{x} e K{X') 

for some x E X and x' E X'. We also set 

(3.3) wa := v{£^x'x{.}) = ^0 + Co + aof?X',fo e NS(X'). 
We set ;= <i>j^^x' and := <i>x'^x- Thus 

(3.4) $"(x) :=RHomp^,(£,p^(x)),xeD(X), 
and : D(X') ^ D(X) by 

(3.5) $"(y) := RHom^^ (£:\p5,,(y)), e D(X'), 

where Homp2(^,^) = Pz*T~iomo^,^^{—,—), Z = X,X' are the sheaves of relative homomorphisms. 
Theorem 3.1.7 f [Br2] . [Q]). is an equivalence of categories and the inverse is given by <f>"[2]. 
For D e H^{X,Q), we set 



D 

(3.6) 



^^[D+^-^gx 
PX'.[ [c,i£)-^-^{c^i£r)]Up*xiD) 



e H^{x', 



where [ ]i means the projection to II^{X' ,Q). 

Lemma 3.1.8. (cf. |Y5[ Lem. 1.4]J roH is a nef and big divisor on X' which defines a contraction 
tt' : X' — > Y' of X' to a normal surface Y' . There is a morphism -ip :Y' ^ M (vq) such that (j) ^ o n' . 

Proof. Let G be a local projective generator of C such that r(G) = 2t(Gi) (Lcmma l3.1.3p . Applying Lemma 

ll.4.6i we have an ample line bundle £(C) on Mff{vo) = M^^{vo). By the definition of H, ci((/)*(£(C))) = roH. 
Hence our claim holds. □ 

Proposition 3.1.9. (cf |Y5l Prop. 1.5]; 
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(1) Every element v G Z) can be uniquely written as 



where 



Ivo + agx + d [ H + —{H,^o)gx] + (£' + —(£', Co)ex 



ikv _ {v, gx) ^ 1 ^ 



/Q ■7^ (^'^ ^'o) ^ 1 n, 
(3.7) a = 5 e — i., 

and I? e H'^{X,Q)nH-^. Moreover v e v(D{X)) if and only if D & NS{X)®QnH^ 



( Ivo + agx+[dH + D + y{dH + D, ia)gx 
Igx' +awo- {dH + D+ —{dH + D,^o)gx' 



(2) 

(3.8) 

where D € H^{X,Q)nH^. 

(3) 

degGi(^') = -degGj$"(t;)). 
In particular, dcgQ^{w) S Z for w G iJ*(X',Z) and 

min{degG^(£;) > 0|£; G A'(X)} = min{degG^ (i^) > 0|F G K{X')}. 

3.2. Proof of Theorem I3.1.5t Wc shall choose a special a and study the structure of the moduli spaces. 
We first prove the following. The normalness of M^(uo) will be proved in Proposition 13. 2.1^ 

Proposition 3.2.1. (1) ip -.Y' M^(wo) is bijective. 

(2) The singular points ofY' correspond to properly VQ-twisted semi-stable objects. 

(3) Let ®j>Q -Ej^"'^ be the S-equivalence class of a properly VQ-twisted semi-stable object, where Eij are 
VQ-twisted stable. Then the matrix {—{v{Eij),v{Eik)))j.k>o is of affine type A,D,E. We assume 
that Qio = 1. Then '0~"'^(©j>o -^i^ rational double point of type A,D,E according as the 
type of the matrix {-~{v{Eij),v{Eiu)))j,k>i- 

3.2.1. Proof of Provosition \3.2. i\ We note that M^{vo) is smooth and <t),i> are isomorphic over Mj^°(uo). 
Hence the singular points of Y' are in the inverse image of m"^{vo) \ M^{vo). Thus wc may concentrate 
on the locus of properly uo-twisted semi-stable objects. The first claim of Proposition l3.2.1l (3) follows from 
the following. 

Lemma 3.2.2. Assume that E is S-equivalent to ®j>g i?* , where Eij are VQ-twisted stable objects. Then 
the matrix {-{v{Eij),v{Eik)))j,k>o is of type A,D,E. Moreover {v{Eij),v{Eki)) = 0, j/0j>o£^ij"" ^ 

l>0 ^kl 



Proof. Since AcgQ^ {E) = x{Gi,E) = 0, deg^^ {Eij) x(Gi, £^ij) = 0, which implies that v{Eij) ^v^r\H^. 
Since {v^ n H^)/'Lvq is negative definite, applying Lemma 16.1.11 (1), we see that the matrix is of type 

A,b,E. We note that ©^>oi^®°'" ^ ®i>oEtf"' ™Plies that {E,o.E,i, ...,E,s'^} + {Eko,Eki, ...,Eks'J. 
Since x{Eij,Eki) > implies that Eij = Eu, {v {Eio),v{Eii), ...,v{E,s-^)} ^ {v(Eko),v{Ek\), ...,v{Eks'J\. 
Then the second claim follows from Lemma [6. 1.1 1 (2). □ 

By this lemma, we may assume that a^Q = 1 for all i. THen we can choose a sufficiently small a G wj" 
such that —(a, v{Eij)) > for all j > 0. We have the following. 

Lemma 3.2.3. Lemma \2.2.15\ holds, if we replace gx by vq and the a-stability by the vo-\- a -twisted stability. 

Proof. (1) Assume that F is S'-equivalent to ®j>q F^'^^^ , where Fij are WQ-twisted stable objects. If v{F) = 

v{®j>oE®''''), 6,0 = 1, then applying LemmaEXHto 0^.^^ © 0^.^^ and 0j>o we 

get 0j>o ^®'" ® 0j>o = 0j.>o , which imphcs the claim. Then the proofs of (2), (3) and 

(4) are the same. □ 
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Lemma 3.2.4. (1) We set 

(3.9) {x' e X'\ Hom(f|{,,}^x,i?y ) ^ 0},j > 0. 
Then C,-,- zs a smooth rational curve. 

(2) 

(3.10) r'i^Ef;'^^) ^{x' e X'l Hom(i?,o,f|{.'}xx) 0} = U,q,. 

/n particular, (f> and tjj are surjective. 
Proof. The proof is the same as in Lemma [2.2. 181 □ 

We also have the following lemma whose proof is the same as of Lemma 12.3.111 
Lemma 3.2.5. $"(£'y)[l] is a line bundle on C[y In particular, {v{Eij),v{Eki)) = iCij,Cki)- We define 

This lemma shows that the configuration of {C-^ jj > 0} is of type A,D,E. Since {H,C[j) = 0, UjC^'^- is 

contracted to a rational double point of Y' . Hence Proposition l3.2.11 (2) and (3) hold. Since "0^^ (® j>o ^fj"^'^ ) 
is a point, %[; is injective. Thus Proposition 13. 2.11 (1) also holds. 
We shall prove the normality in Proposition 13. 2.1^ 

3.2.2. Perverse coherent sheaves on X' and the normality of M^{vq). We set Z[ -.^ TT^^{qi) = J2'j=i ^'ij^ij- 
Then Ei^ is a subobject of £\{xi}y.x for G Z[ and we have an exact sequence 

(3.11) -> E,o ^ f |{.'}xx ^ F ^ 0, e Z[ 

where F is a VQ-twisted semi-stable object with gr(F) = ffi^LiF*"'^ . Then we get an exact sequence 

(3.12) -> $"(F)[1] ^ $"(F,o)[2] ^ C,, ^ 
in Coh(X'). Thus WIT2 holds for E,o with respect to 

Definition 3.2.6. We set A[q $"(£;,o)[2] and A'^- := <I>"(Fy)[2] = Oc'^^{h[^)[l] for j > 0. 

Lemma 3.2.7. (1) Hom(A^o, [-1]) = ¥.^i\A[^, A',^[-l]) = 0. 

(2) We seth'i:= {b'^^,b'^^,...,b'^^,). T/ien = (b.^ . In particular, Rom{A'iQ,Cx,) = C for x' e Z I. 

(3) Irreducible objects 0/ Per(X'/y , b'j^, bJ^J are 

(3.13) A'^j (1 < i < m, < J < s'i), C^, {x' e X' \ \J,Z[). 
Proof. (1) We have 

Hom(^^o,A^[fc]) =Hom($«(£;„)[2],$"(F,,)[2 + fc]) 

(3.14) 

^ ' =Hom(F,o,Fy[A:]) = 

for yfc = -1,0. 

(2) By p.l2p and (1), we can apply Lemma [2.1.81 to prove A^q = ^o(b9 = Ag. . (3) is a consequence of 
(2) and Proposition !!. 2.191 □ 



Definition 3.2.8. We set 

Pcr(X7r') := Per(X7y', b^, . . . , b^), 

Per(X7y')'' := Pcr(X7r', -b'^ + 2bo, . . . , -b,:„ + 2bo)*, bo := (-1, -1, -1). 



(3-15) 



Remark 3.2.9. Assume that a e Vq satisfies -(w(i?.y),a) < 0, j > 0. Then ^{Eij)[2] = Odb'/j), j > and 
$(F,o)[2] = Ao(br)[l] belong to Per(X7y', b'/, . . . , b;;)*, where b'/ = (6^0, 6^;,). 

Lemma 3.2.10. There is a local projecive generator G of V(iv{X' /Y') such that t{G) = 2t(G2). Moreover 
is a local projective generator of Per{X' /Y')^ . 

Proof. Since x{G2,Aij) = x{Cx,Eij) ~ rkEij > 0, we get our claim by Proposition 12 .4. Il The second claim 
follows from the definition of Pcr(X7y)^ ^-^^d Lemma [1.1. 81 □ 

Lemma 3.2.11. Let E be an object of C such that E is Gi-twisted stable and dcgQ_^{E) = ~ 0. 

Then E = E,j or E £\{x'}xx, x' e X' \ \J,Z[. 

Proof. Since x{Gi,E) = 0, there is a point x' € X' such that \loui{£\i^x'}y.x ^ E) 7^ or \lou\{E , £\{x'}xx) 7^ 
0. Then _E is a quotient object or a subobject of £\{xi}xXi which implies the claim. □ 



Definition 3.2.12. (1) Let C„„ be the full subcategory of C generated by Eij and £\{x']ycx, ^' G X' . 
That is consists of TjQ-twisted semi-stable objects E with dcgQ^{E) = x{Gi,E) = 0. 
(2) Let Per{X' /Y')q be the full subcategory of Pcr{X' /Y') consisting of O-dimensional objects. 

Proposition 3.2.13. (1) (f>"[2] induces an equivalence Cy^ Pcr{X' /Y')o. 

(2) Moreover $"[2] induces an isomorphism 7W^^'^(uo)'*'' = ^^\QX'y'' , where {3 G {vqC\Qx)®<Q, 
is sujficiently small and G an arbitrary projective generator ofPcT{X'/Y'). 

(3) M (vq) ^1%' ^^\qx')- In particular, M ^{vq) is a normal surface. 

Proof. (1) We note that $"(£'y)[2] = and <^°'{£\{^,}^x)['A = C^,, x' G X'. Hence the claim holds. (2) 
We note that E e A^^(wo)^'' is vo + /3-twisted semi-stable, if x{P,F) = x(wo + -F) < for aU subsheaf 
F of £; with degg^(F) = x(Gi,F) = 0. Since x(^"(/3), ^"(-F)) = x{P,F), ^"{E)[2] is (Ga, $"(/3))-twisted 
semi-stable. Then Remark [TXH] implies that [2] is (G, $"(^)) -twisted semi-stable for any G. The first 

Q Q 

claim of (3) follows from (2). In the notation of subsection l2.21 M ~ {qx') — (X')'^. Hence the second claim 
of (3) follows from Proposition 12 . 2 . 1"D1 □ 

Proposition 3.2.14. Let u E H'^'"{X, Z)aig be a Mukai vector such that u E Vq O H^, < rkw < ikvo and 
{u^) = —2. Then u ~ bjv{Eij), < bj < Oij. In particular, M^^{u) ^ 0. 

Proof Since u e v^nH^, $"(it) (0, D, b), D e NS(X'), beZ and (£>, H) = 0. Since (D^) = -2, D or -D 
is an effective divisor supported on an exceptional locus Z-. Hence $"(u) £ (Bj'^qZ^" {Eij) = 0^!^jZGy ® 
Zqx- By the basic properties of the root systems of affine Lie algebra, $"(it) = c$"(uo) ± J2j>o )' 
< Cj < Oij. Then rkii = cr ± ^^^^ Cj rki?y . Since X]j>o ''i -'^'^^y — Ej>o ""^-^y ^ ^' ^"-^ S*^^ 
u = X]j>o '^j''^i-Eij) or w = uo — X]j>o Cjv{Eij). Therefore the claim holds. □ 

3.3. Walls and chambers for the moduli spaces of dimension 2. We shall study the dependence of 
Mjj{vo) on w. We set 

S: NS(X)®Q ^ 

D ^ D + ^gx. 

We may assume that w = vq + a,a E 6{II^) (cf. |0-Y1 sect. 1.1]). We set 

(3.17) := \uev{B{X)) „ ^ , ^ , ^ • 

I (J < rku < rkwo I 

For a fixed wo and H, U is a. finite set. For u £U, we define a wall C 5{H^) (8)q M with respect to w by 

(3.18) Wu := {a e 5{H^) ® R| (uq + 0}. 
A connected component of 5{H^) (8)q M \ UueuWu is said to be a chamber. 

Lemma 3.3.1. If a does not lie on any wall Wu, u £U, then A/^^"(uo) = A/jJ'^"(wo)- In particular, 
M^'^"(wo) is a K3 surface. 

We are interested in the vq + a- twisted stability with a sufficiently small |(q;^)|. So we may assume that 

(3.19) u<^U' ■.^{u<aU\{vo,u) ^Q). 

For an a e 5{II^) with \{a'^) \ <C 1, let F be a uq + a-twistcd stable torsion free object such that 

(i) {v{Ff) = -2, 

(ii) {v{F),5{H))/YkF = {ci{F),H)/rkF^{^n,H)/r„ = and 

(iii) {vo,viF)) = {a,viF)) =0. 
By (i), _F is a rigid torsion free object. 

Proposition 3.3.2. ( [0-Yl Prop. 1.12]j We set := ±ev{F) +a, where < e < 1. Then Tp induces an 
isomorphism 

^ ' ' E ^ Tf(E) 

which preserves the S-equivalence classes. Hence we have an isomorphism 

(3.21) Wh"\v) ^Wh"^ {v). 

Remark 3.3.3. In |0- Y| . we considered the functor rp[— 1]. 

Combining Proposition 13.3.21 with Lemma [2.3.20) we get the following Corollary. 



Corollary 3.3.4. 

(3.22) ^j.Zi = Tf o '^'^I'Xx = '^x'Xx ° Ta, 
where A - ^^^^\f). 

Assume that Sl'I^J;^^^ 5'-equivalent to O^Ef"'. Then a G (Ej Q^'(-^D)"^- 

Remark 3.3.5. If a belongs to exactly one wall Wu, u Cz U, then there is a w + a-twisted stable object F with 
v{F) = u. So we can apply Propositions 13.3.^ Moreover A = Oc{b), where C is a smooth rational curve 
defined by 

(3.23) C {x' e X'\ Ext^ (f |"^;+";^ , F) ^ 0}. 
Proposition 3.3.6. Let G be an object of'D{X) such that x{G,Eij) > for all i,j and 

(3.24) }iom{G,Eij[k]) =I{oia{G, E[k]) = 0,k^2 

for all E e Af^i(i;o) and Assume that a G S{H^) \ UueU'Wu is sufficiently small. 

(1) G" := $"(G) is a locally free sheaf on X' and A' := tt*{{G°'Y ® G") is a reflexive sheaf on Y' 
which is independent of the choice of a. 

(2) R7r4(G°)^ ® _) o : T>{X) D^'(r') is independent of the choice of a. 

Proof. We take a small a G S{H^) with —(a, v{Eij)) > 0, j > 0. By the base change theorem, G" is a locally 
free sheaf on X' . Let be objects of Fct{X'/Y') in subsection O Then we have Hom(G", [fc]) = 
for fc 7^ and Hom(G",A'y) 7^ 0. Assume that a' G S{H-^) belongs to another chamber. We set 

X" A/;j'+"'(z;o). By Proposition EXSl (2), X" = M|°'*°*"'^(f?x') and T := is the 

universal family of $"(Q;')-twisted stable objects, where £" is the universal family associated to a'. We 
have — ^x'-^x" ° particular, G" — ^^'Ux''^^"')- Then the claim follows from Proposition 

irm □ 

3.4. A tilting appeared in |Br4| and its generalizations. From now on, wc assume that a satisfies 
— {a,v{Eij)) > for all j > and set 

(3.25) $ := $ := 
By Proposition 13.3.51 the assumption is not essential. 
Definition 3.4.1. We set 

fC, i = l, 

(3.26) := <^ Per(X'/y'), « = 2, 

[per(X7y')^, « = 3. 
For an object i? G £i, wc define the G^-twisted Hilbert polynomial by 

(3.27) x{G^,E{n)) := ^(-l)^' dimHom(G„ i?(n)[j]), 

j 

where E{n) E{nH), i = 1 and i;(ri) ;= E{nH), i = 2, 3. 

Then Lemma |3 . 1 .31 and Lemma 13.2.101 implv the following. 

Lemma 3.4.2. xiG^,E{n)) > Q for E ^ Q and n > 0, that is, (i) rk£; > or (ii) t:\E = 0, degQ.{E) > 
or (iii) rkS = Aeg(.^ {E) = 0,x{G^,E) > 0. 

Definition 3.4.3. Let 7^ be an object of 
(1) There is a (unique) filtration 

(3.28) C Fi C ^2 C • • • C = £: 

such that each Ej := Fj/Fj^i is a torsion object or a torsion free G-twisted semi-stable object and 

(3.29) (rkF,+i)x(G„£;,(n)) > (rk£;,)x(G„ F,+i(7i)), n » 0. 

We call it the Harder- Narasimhan filtration of E. 
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(2) In the notation of (1), we set 

A*max,Gi(^) ■ = 

(3.30) 

A'min,Gi(^') : = 




v]^El > 
ikEi = 0, 

rk^;^ > 
rk Es = 0. 



Remark 3.4.4. An object E has a torsion if and only if /^max.Gi (-£') = oo and _B is a torsion object if and 

only if /Xniin,G. (-E) = oo. 



We define several torsion pairs of 



Definition 3.4.5. (1) Let Tf (resp. if) be the full subcategory of £i such that E e belongs to 1^ 



(resp. Xf) if (i) E is a torsion object or (ii) /Xmin, Gi > (resp. Hniin,GiiE) > 0). 



(2) Let (resp. i?^) be the fuU subcategory of €i such that E £ <ti belongs to 'Xf (resp. S'^) if = 
or £■ is a torsion free object with ^max, Gi(£') < (resp. /imax,Gi(£') < 0)- 

Definition 3.4.6. (1) Let 1i (resp. Xj) be the fuh subcategory of £i such that E € belongs to X,; 

(resp. Xi) if (i) is a torsion object or (ii) for the Harder-Narasimhan filtration p.28p of E, Eg 
satisfies ^igAEs) > or hg,{Es) = and xi.Gi,Es) > (resp. hg,{Es) = and x(Gj,^s) > 0). 
(2) Let (resp. 5^j) be the full subcategory of such that E G <ti belongs to "Si (resp. ^Jj) if i? is a 
torsion free object and for the Harder-Narasimhan filtration p.28p of E, Ei satisfies HGiiEi) < 
or HG,iEi) = and xiG^,El) < (resp. ^^G,iEl) - and xiG^,El) < 0). 

Definition 3.4.7. (Xf ,3^f), (X^, ), (Xi,5^i) and are torsion pairs of C^. We denote the tiltings of 

£i by 2lf , 2t^, 2li and 2ti respectively. 

We note that X^ C Xi . We shall study the condition X^* = Xi . We start with the following lemma. 

Lemma 3.4.8. Let E be a local projective generator of d. Then Ext^{E,F) ~ /or all 0- dimensional 
objects F of€i. In particular, if E is a subobject of a torsion free object E' such that E' / E is 0-dimensional, 
then E' ^ E. 

Proof. We only treat the case where i = 1. Then R7r*(i?^ (E) F) ~ 7r»(£'^ (E) F) is a. 0-dimcnsional sheaf on 
Y. Hence we get Ext^ {E,F) = H^{Y,it^{E'^ (^F))=0. □ 

Lemma 3.4.9. Assume that £\{x'}xx is a ^-stable local projective generator of C for a general x' € X' . 

(1) Xi -x^ 

(2) Every ^-semi-stable object E Cz C with dcgQ_^{E) = x(G'i,£') = is Gi-twisted semi-stable. More- 
over if E is Gi-twisted stable, then it is fi-stable. 

(3) Let E be a fi-semi-stable object E eC with rk£: > 0, dcg^^ (E) = xiGi.E) = 0. Then Exf (-B, S) = 
0, i ^ for any irreducible object 5 G C. 

(4) £\{x'}xx is a local projective generator of C for any x' G X' . 

Proof. (1) Let £' be a ^-stable object of C with dcg^^ (E) = and xiGi,E) > 0. Since llom{E,£\^x'}xx) = 
for all x' G X' , llom{£^^x'}xx^ E) ^ for all x' £ X' . Assume that £\[x'}xx is a /i-stable local projective 
generator. By Lemma [3.4.81 and Hom(£|{^/}x , -E) 7^ 0, we get E = £\{x'}xx- Therefore x{Gi,E) < for 
aU //-stable object E & C with degQ^{E) = 0. Hence we get Xi = X^. 

(2) Let E' be a subobject of E with degf^^E) = 0. Then (1) implies that x{Gi,E') < 0. Hence E 
is Gi-twisted semi-stable. If E/E' is torsion free, then we also have x{Gi, E / E') < 0, which implies that 
x(Gi,£") = x{Gi, E / E') ~ 0. Thus E is properly Gi-twisted semi-stable. Therefore the second claim also 
holds. 

(3) If Ext^(S', E) = Ext^(£:, Sy ^ 0, then a non-trivial extension 
(3.31) O^E^E'^S^O 

gives a /i-semi-stable object E' with x{Gi,E') = x{Gi,S) > 0. On the other hand, (1) implies that 
xiGi,E') < 0. Therefore Ext^(£;, S) = 0. Since 5* is a torsion object, Ext^(£;, S) ^ Hom(5', E^ = 0. 

(4) Since £\{x'}xx is a /i-semi-stable obje ct wit h dcg^^ (fii^.jxx) = x{Gi,£\{x'}xx) = 0, £\{x'}xx e C 
and satisfies the assertion of (3). By Lemma [3.4.2) x{£\{x'}xx, S) = x{Gi, S) > for any irreducible object 
S. Then £\{x'}xx is locally free and is a local projective generator by Proposition 11.1.2^ □ 

Remark 3.4.10. By the proof of Lemma 13.4.91 £\{x'}xXj G is a local projective generator of C if 
Xi = X^. Indeed if Xi = X^', then the same proofs of (2), (3) and (4) work. 
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3.5. Equivalence between 2ti and Slj- 

Lemma 3.5.1. (1) If E £ Ti, then Hom(i?, E'.y ) = llom{E,£\^.j.>yy^x) = for all i,j and x' e X' . In 
•particular, II^{^{E)) = 0. 
(2) If E € ^i, then IIom{£\[x'}xX , E) ^ for a general x' G X' . In particular, i7"((f>(i?)) = 0. 

Proof. (1) The first claim is obvious. The second claim is a consequence of the Serre duality and the base 
change theorem (see the proof of Lemma [3.5.21 f2)). 

(2) If there is a non-zero morphism (jj : £\{x'}xx ~^ we see that (j) is injective and cokerc/) g ^i. By the 
induction on rki?, we get the first claim. The second claim follows by the base change theorem. □ 

Lemma 3.5.2. Let E he an object of C. 

(1) Assume that Hom(i?y , = Hom(£|{^;}xJ>f ? ^M) = for all i,j, x' £ X' and q > 0. Then 
<i>{E) eFer{X'/Y'). 

(2) There is a complex 

(3.32) 0^Wq^Wi^W2^0 

suchthatWi are local projective objects ofPer^X'/Y') and^(E) is quasi-isomorphic to this complex. 

(3) H°{PH^{<S?{E))) = H^{<t>{E)) andPH"{^{E)) C H"{^{E)). In particular, pH"{^{E)) is torsion 
free. 

(4) Ifllom{E,E,j) = for all i,j and Hom(i;, f = for all x' G X' , then pH^{^{E)) = 0. In 
particular, if E e 1i , then pH'^{^{E)) = 0. 

(5) IfEe Si, then pH°{^{E)) = 0. 

Proof (1) We note that F e Pcr{X'/Y') is if and only if Hom(F, A^) = Hom(i^, AJg) ^ Hom(F, C^^') = 
for all i, j > and x' E X' . Since 

Hom($(£;)[<z],$(i;,j)[2]) = Rom{E[q],E,j[2]) = Rom{E,, , E[q]y , 

Hom($(i?)[g],$(f|{,,}><x)[2])=Hom(ii;[q],f|{,,}x;f[2]) = Hom(f|{,,}xX,i?M)'', 

we have pH'^{^{E)) = for g > 0, which implies that $(£:) e Pcr(X'/Y'). Thus the claim (1) holds. 
(2) 

We take a resolution of E 

(3.34) ^V-i ^Vo ^ E ^0 

such that V-k = G{—nk)®^'', rifc ^ for fc = 0, 1, where G is a local projective generator of C. By using 
the Serre duality, our choice of Uk implies that Hom(f ^-fci?]) ~ Hom(i?y , y_fc[(jf]) = for g ^ 2 and 

fc = 0, 1. Then we also have Hom(£:|{^,}xx, ^-2[g]) = ilom{Eij ,V-2[q]) = for g 7^ 2. Hence $(F_fe)[2], 
fc = 0, 1, 2 are locally free sheaves on X'. Since Hom($(V"_fe)[2], A^[g]) = Hom($(y_fe)[2], ^(SyOp + q]) = 
lloin{V-k,Eij[q]) = 0, q > 0, Wa-fc := ^{V-k)[2], k = 0,1,2 are local projective objects of Per(X7y) and 
the associated complex W, defines the required complex. 

(3) is obvious. (4) follows from the proof of (1) and Lemma [3.5.11 fl). (5) follows from (3) and Lemma 

[M3](2). □ 

Definition 3.5.3. (1) We set $*(£:) := pW{^{E)) e Pct{X'/Y') and ^'{E) := pH'{${E)) e C. 

(2) We say that WIT^ holds for E eC (resp. F e PeT{X'/Y')) with respect to $ (resp. $), if <^^{E) = 
(resp. (f>-'(F)) = 0) for j ^ i. 

Lemma 3.5.4. Let E be an object of C. 

(1) //WITo holds for E with respect to then E eli. 

(2) // WIT2 holds for E with respect to then E € ^i. In particular, E is torsion free. Moreover if 
^'^{E) does not contain a 0-dimensional object, then i5 G 5i • 

Proof. For an object E E C, there is an exact sequence 

(3.35) 0^£;i^£;^£;2^0 

such that El e Xi and E2 E di- Applying $ to this exact sequence, we get a long exact sequence 
> <i>°iEi) > ^"{E) > $°(£;2) 

(3.36) > $i(£^i) > "^^(E) > $^(£^2) 



'l>^{Ei) > ^ $2(^2) > 0. 
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By Lenima[SXl](4),(5), $"(£^2) = $^(^^1) = 0. If WITq holds for E, then wc get 'i>{E2) = 0. Hence (1) 
holds. If WIT2 holds for E, then we got ^(Ei) = 0. Thus the first part of (2) holds. Assume that there is 
an exact sequence 

(3.37) ^ E'2^ E ^ E'^ ^0 

such that E2 is a y^t- semi- stable object with dcgQ^(i?2) = and E!^ G Si- By the first part of (2), wc get 
x{Gi,E2) < 0. ByLemma|3Xl](2), <i>°{E!^) = 0. Then we see that WIT2 holds for and deg^^ = 
deg(3^(i?2) = 0. Since rk$^(iJ2) = xiGijE!^) < 0, $^(£^2) is a 0-dimensional object. By our assumption, wc 
get that ^^{E!^) -> <I>^(£'2) is an isomorphism. By Lemma lOH in the appendix, we have <i>°($^ (iJj )) = 0, 
which implies that E!^ ^ ^0. □ 

Lemma 3.5.5. For an object E eC, deg^^ ($°(£:)) < and deg^^ (^^(i;)) > Q. 

Proof. We note that 

(3.38) $($"(£;)) = %^<i>°{E))[-2], $($2(£:)) = $0($2(£:)) 
and 

(3.39) degG,(<i>°(£;)) = ~dega,iP{<^'m), degc, ($'(£;)) =- degc, ($"($'(£;))). 

Since %'^{<^°{E)) satisfies WITo with respect to $, ^'^{<^'^{E)) € Ti, which implies that degg., ($^($°(-B))) > 
0. Since $"($2(^;))satisficsWIT2 with respect to <I>,$"(<I>2(i;)) e g^i, which implies that degc, ($"($^(i^))) < 
0. Therefore our claims hold. □ 



Lemma 3.5.6. (1) If F e T^, then ^^{F) = 0. 

(2) //WITo holds for F e PciiX'/Y') with respect to then F G T^. 

(3) IfFe ^i^, then ^°{F) = 0. 

(4) // WIT2 holds for F G Per(X7y') with respect to $, then F e ^t^ . 
Proof. (1) By Lemma l6.3.1l in the appendix, we have an exact sequence 

(3.40) ^ $"($2(F)) ^ $2($i(i^)) 0. 

By Lemma 13.5.51 degg.^ (kcr t/i) < 0. Since $"($2(i^)) is torsion free, kert^ is also torsion free. By our 
assumption of F, we have keicj) = 0. Then ^°{^^{F)) = $2($^(i^)) satisfies WITq and WIT2, which implies 
that $"($2(F)) ^ $2($i(i^)) ^ 0. Therefore ^"^{F) = 0. 

(2) Assume that there is an exact sequence 

(3.41) 0^Fi^F^F2^0 

such that Fi G I2 F2 G ^2- '^'^ have ^^{Fi) = 0. By a similar exact sequence to p.36p . we see 

that WITo holds for F2 and deg^^ ($"(i^2)) = -degG,(i^2) > 0. On the other hand, since WIT2 holds for 
^°{F2), Lemma 13331 implies that $°(i^2) G di- Hence deg^^ ($"(^2)) = and x(Gi,$°(F2)) < 0. Since 
X(Gi, $°(i^2)) = i'kF2, we have rki^2 = 0. Since 5^2 contains no torsion object except 0, we conclude that 
F2 - 0. 

(3) By Lemma l6.3.1[ we have an exact sequence 

(3.42) 0^$°($7i^))^$2($"(F))^i^. 

By (2), $2($0(^)) g implies that coker^/' = 0. Then $0($i(F)) ^ <i>'^{^^{F)) satisfies WITq and 

WIT2, which implies that <i>°{^^{F)) = <i>'^{^^{F)) = 0. Therefore $"(i^) = 0. 

(4) Assume that there is an exact sequence 

(3.43) 0^Fi^F^F2^0 

such that 7^ f 1 G I2 and F2 G ^2- By (3), <I'°(i^2) = 0. By a similar exact sequence to p.36p . we see that 
WIT2 holds for Fi and dcgg.^ ($2(i^;^)) ^ -dcgQ^(i^i) < 0. Moreover if rkFi > 0, then deg^^ ($2(Fi)) < 0. 
On the other hand, since WITq holds for ^^{Fi), Lemma [53^ implies that $^(Fi) G Ti. Hence rki^i =0 
and degg^ {^^(Fi )) = 0. Then $^(Fi) G Ti implies that < x(G'i, $^(Fi)) = rki^i, which is a contradiction. 
Therefore Fi = 0. □ 

Lemma 3.5.7. (1) Assume that E E 1i. Then 

(a) <^°iE) G r2. 

(b) <^\E) G T^. 

(C) =0. 

(2) Assume that E E^i. Then 
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(a) = 0. 

(b) $i(i?)e^?^ 

(c) ^\E) e 1^ 

Proof. We take a decomposition 

(3.44) Fi^^^{E)^ F2^Q 
with Fi £ %2 s-nd -Fj G • Applying <i>, we have an exact sequence 

> > $f'($i(F)) > $"(^2) 

(3.45) V $i(Fi) > $i($i(F)) ^ $i(F2) 

^ $2(Fi) > %^{^^{E)) > $2(^2) > 0. 

By Lemma IMH we have $"(^2) = $2(-Fi) = 0. 

(1) Assume that E G Ti. Then (a) foUows from Lemma [3.5.61 f4). and (c) follows from Lemma [3.5.21 (4). 
We prove (b). We assume that F2 ^ 0. By Lemma lOH and (c), we have ^ q. Then WITi holds 
for F2 and dcg^^ ($^(^2)) = degQ^(F2) < 0. By Lemma [6. 3. 11 we have a surjectivc homomorphism 

(3.46) F^$i($^(F)). 

Hence $^(^2) is a quotient object of E. Since E e Ti, we sec that dcgg.^ ($^(^2)) > 0. Hence deg^^ ($^(^2)) = 
0. If rk$i(F2) > 0, then since x(Gi,$^(F2)) = -rkF2 < 0, we get E ^ Ti. Hence rk$i(F2) = 0. Then 
x(G'i, $"'^(^2)) = — rkF2 < implies that the Gi-twisted Hilbert polynomial of $^(^2) is not positive. By 
Lemma [3.4.21 this is impossible. Therefore F2 = 0. 

(2) Assume that F G S^i. By Lemma [3.5.21 and Lemma [3.5.61 (a) and (c) hold. We prove (b). Assume 
that Fi ^ 0. By ^°{E) = and LemmaHXH we have $°($i(F)) = 0. Then WITi holds for Fi and we 
have an injective morphism $^(Fi) — $^($-^(F)) — s- E. Assume that dimFi > 1. Since AcgQ^{<^^{Fi)) = 
degQ^(Fi) > 0, this is impossible. Assume that dimFi = 0. Then x(G2,Fi) > 0, which implies that 
rk$i(Fi) = ~x{G2,Fi) < 0. This is a contradiction. Therefore Fi = 0. □ 

The following is a generalization of a result in [H] (see Remark 13.5.91 below) . 

Theorem 3.5.8. $ induces an equivalence 2ti — > 2I2 [^1]- Moreover $*'(F) G if F G T2 does not contain 
a 0-dimensional object. 

Proof. For F G 2li, we have an exact sequence in 2li 

(3.47) 0^ H-\E)\l]^ E^ H"{E)^0. 
Then we have an exact triangle 

(3.48) $(i/-i(F))[2] ^ $(F[1]) ^ $(i/0(F))[l] ^ $(iJ-i(F))[3]. 
Hence $*(F[1]) = for i 7^ —1,0 and we have an exact sequence 

> $i(i?-i(F)) > '^'HE[1]) > $0(iJ"(F)) 

(3.49) 

> ^^{H-\E)) > $"(S[1]) > $i(i^°(F)) > 0. 

By LemmelSXa '1>-\E[1]) G and 'I""(F[1]) G T^. Therefore $(F[1]) G 21^. 
Conversely for F G 21^ and Fi G 2ti, $(Fi)[l] G implies that 

Hom($(F)[l],Fib]) = Hom(F, (<i>(Fi)[l])[p]) = 0, p < 0, 

(3.50) ^ 

Hom(Fi[p],$(F)[l]) =Hom(($(Fi)[l])[p],F) ==0, p > 0. 

Hence $(F)[1] G 2li. Therefore the first claim holds. 

For the last claim, we note that there is an exact sequence 

(3.51) ^ $°($^(F)) ^ $2($°(F)) -> F 

by Lemma 16.3.11 By Lemma [3.5.21 (3), $°($^(F)) is torsion free. Hence $^($"(F)) does not contain a 
0-dimensional object. Then Lemma [3.5.41 (2) implies the claim. □ 



Remark 3.5.9. In jY5| . we gave a different proof of [HI Prop. 4.2]. Since we used different notations in |Y5j . 
we explain the correspendence of the terminologies: $ corresponds to J-g in [Y5j . Stj corresponds to 2li in 
|Y5l Thm. 2.1] and corresponds to ^2 or % in ^ Thm. 2.1, Prop. 2.7]. 
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3.6. Fourier-Mukai duality for a K3 surface. In this subsection, we shall prove a kind of duality property 
between {X,H) and {X',H). In other words, we show that X is the moduli spaee of some objects on X' 
and H is the natural determinant line bundle on the moduli space. 

Theorem 3.6.1. Assume that Cx is /S-stable for all x G X . 

(1) £\x'x{x} S Pcr{X' /Y')^ is G3 — ^{PY -twisted stable for all x G X and we have an isomorphism 
(j) : X ^ ^'^^ (w^) by sending x £ X to £\x'x{x} e (w^). Moreover we have 

H = (H) under this isomorphism. 

(2) Assume that £\{x>}xx is a ^-stable local projective generator of C for a general x' G X' . Then 
£\X'x{x] is a jjL-stable local projective generator o/Per(X'/y)^ for x £ X \ UiZi. 

The proof is similar to that in }Y51 Thm. 2.2]. In particular, if £\{x'}xx is a /i-stable locally free sheaf 
for a general x' G X', then the same proof in |Y5j works. However if £\{x'}xx is not a /x-stable locally free 
sheaf for any x' € X' , then we need to introduce a (contravariant) Fourier-Mukai transforms and study their 
properties. We set 

^(E) :^RRomp^,{p*x{E),£)^HEy[-2l EeB{X), 
^^■^^^ ^{F) ■.^RRomp,{p*x,{F),£), F e D(X'). 

We shall first study the properties of vj/ and ^ which are similar to those of $ and $. 
We set 

Then the following claims follow from Definition 13.2.81 and Lemma 13.2.71 

Lemma 3.6.2. (1) fi^ = Ocr{-b[j-2) e Pcr{X'/Y')^ andB[^ = ^o(-b'+2bo)*[l] € Per(X7y')^- 
(2) Irreducible objects 0/ Per(X'/y')^ are 

(3.54) B[j (1 < J < m, < i < .<), C,-(x' e X \ \J,Z[)- 

Lemma 3.6.3. (1) Assume that E Then }iom{E,£\^x'}xx) = for a general x' € X' . 

(2) Assume that E e^^. Then }iom{£\{x'}xx , E) = for all x' e X' . 

Proof. We only prove (1). Let £' be a d-twisted stable object of C. If degQ^(i?) > or degQ^{E) = 
and x{Gi,E) > 0, then }loin{E,£\^x'}xx) = for all x' e X' . Assume that degQ^{E) ~ and 
xiGi,E) = 0. Then a non-zero homomorphism E — > £\{x'}xx is an isomorphism if x' ^ ^iZ^. There- 
fore llom{E,£^^x'}xx) ~ for a general x' E X' . □ 

Lemma 3.6.4. Let E be an object of C. 

(1) T^H\^{E)) ^0 fori>3. 

(2) H°{PH^{^{E))) = H^i^iE)). 

(3) C H°{^{E)). In particular, Pi/0(*(£:)) is torsion free. 

(4) IfIloin{E,E,j[2]) ^ for alli,j andIloin{E, £nx'}xx['2]) = for all x' G X', then p (E)) = 0. 
In particular, if E e di, then pH'^{'^{E)) = 0. 

(5) IfE satisfies E then pH"{^{E)) = 0. 

Proof. Let W, be the complex in Lemma [3.5.21 (2). By Remark 11.1.91 are local projective objects of 
Per(X7y')'"- Since '^{E) is represented by the complex I^.''[-2], (1), (2) and (3) follow. 

By Lemma [3X2I F e Per(X7y')^ is if and only if Hom(F,S^) = Hom(i^,Ca;') = for all i, j and 
x' e X'. 

Since 

Hom(i?, E,,[2 -p]r^ Uom{^iE)[2 - p], (£;,,) [2]), 
llom{E,£\^x'}xx['2-p])'' =iloi-n{'^{E)[2-p],^{£\^x'}xxm), 
we have (4). (5) follows from (3) and Lemma [3.6.31 (1). □ 

Definition 3.6.5. We set W{E) := pW{^{E)) e Per(X7r')^ and ^'(E) pH'{^{E)) e C. 

Lemma 3.6.6. Let E be an object of C. 

(1) //WITo holds for E with respect to , then E e^i- 

(2) // WIT2 holds for E with respect to ^P, then E G If '^^{E) does not contain a Q- dimensional 
object, then i? S Ti . 
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Proof. For an object E oi C, there is an exact sequence 

(3.56) 0^Ei^E^E2^0 

such that El E Xi and E2 E di- Applying vj/ to this exact sequence, we get a long exact sequence 
> *°(i;2) > > ^'"(^^1) 

(3.57) > "$^{£2) > ^^^E) > ^^i^iEi) 

> *2(i;2) > *^(£^) > *^(i^i) > 

By LemmaEm we have *°(i;i) = *2(£2) = 0. If WITq holds for E, then we get ^'(E'l) = 0. Hence (1) 
holds. If WIT2 holds for E, then we get *(i;2) = 0. Thus the first part of (2) holds. Assume that '^''^{E) 
does not have a non-zero O-dimensional subobject. We take a decomposition 

(3.58) 0^Ei^E^E2^0 

such that El € Ti and E2 is a Gi-twisted semi-stable object with degQ^{E2) = x{Gi,E2) = 0. Then 
*0(£'i) = \i>°{E2) = ^^(£'2) = 0. In particular, WIT2 holds for E2 with respect to Then ig a 

torsion object with deg(5^(\I'^(£^2)) = 0: which implies that ^'^(£^2) is O-dimensional. Our assumption implies 
that *i(£;i) = *2(£;2)- By Lemma [1X11 and ^"{^"(Ei)) = 0, we get E2 = $2(^,2^^^)) = qi^ {^^)^ (Ei)) = 
0. □ 

Lemma 3.6.7. Let E be a fi-semi-stahle object with degQ^(£') = 0. //WITq holds for E, then E = 0. 

Proof If WITo holds for E 0, then x{Gi,E) = rk*(£;) > 0. On the other hand, Lemma |MH implies 
that x{Gi,E) < 0. Therefore E ^ 0. □ 

Lemma 3.6.8. //WITq holds for E with respect to then E e di- 

Proof. Assume that there is an exact sequence 

(3.59) 0^Ei^E^E2^0 

such that El is a /i-semi-stable object with degg^ (Ei) = and E2 E di- Then we have ^'^(i?2) — 0. By the 
exact sequence p.57p . WITq holds for Ei. Then Lemma [3.6.71 implies that £^1=0. □ 

Lemma 3.6.9. If E e then ^°{E) = 0. 

Proof. We may assume that i? is a /i-semi-stable object or a torsion object. If deg^^ (E) > 0, then the claim 
holds by the base change theorem. Assume that degg.^ (E) = 0. By Lemma r6.3.21 we have an exact sequence 

(3.60) E ^ ¥\-^°{E)) ^ ^^{^\E)) ^ 0. 

By LemmaEMl $°(*"(-B)) G ^1. Since £; is a ^-semi-stable object with dege^(£:) = 0, £; ^ ^°{^°{E)) 
is a zero map. Then ^^{'^'"{E)) ^ ^^^^i^^)) satisfies WITq and WIT2, which implies that $°(1'°(£;)) ^ 
$2($i(£;)) 9^ 0. Therefore ^"{E) =0. □ 

Lemma 3.6.10. 

(3.61) degG3 (*"(£;)) < 0, dcga.i'fHE)) > 0. 
Proof. We note that 

(3.62) degG3(*'(i?)) = degG, ($'(*'(£;))) 

for i = 0, 2 by Lemma [6.3.21 Then the claim follows from Lemma [3.6.61 □ 
Proof of Theorem \3. 6.1[ 

(1) We first prove the Ga-twisted semi-stability of £\x'x{x} for all x E X. It is sufficient to prove the 
following lemma. 

Lemma 3.6.11. Let E be a O-dimensional object of C. Then WIT2 holds for E with respect to ^ and ^^(E) 
is a G^-twisted semi-stable object such that degQ^(5'^(£')) — x(G3, ^'^(E)) ~ 0. Moreover if E is irreducible, 
then "i!^(E) is G^-twisted stable. 

Proof. We first prove that E satisfies WIT2 with respect to vp. We may assume that E is irreducible. Then 
we get Hom(£;,f|{2,,}xx) = for aU x' . Hence ^^^E) = 0. We shah prove that ^^{E) = by showing 
$«(vl/i(£')) = for i = 0, 1, 2. By Lemma [6X2l $^(vl/i(£')) = and we have an exact sequence 

(3.63) ^ $"(*!(£;)) ^ $2(*2(£;)) E ^ $i(^'i(£)) ^ 0. 

By Lemma [3X6] and Lemma [021 *°(*H^^)) ^ ^1 and {'H'^ {E)) e fi. Since E is O-dimensional, 
$°(\E'i(£;)) isAi-semi-stableanddegG,($"(*H^^))) = degc^ ($2 (^-^ (£;))) = 0. By Lemma[3X7| ^°{^^{E)) = 
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0. Since E is an irreducible object, $^(^2^^)) = or $i = 0. If $2(^2^^)) ^ g, then ^ g. 

Since x{Gi,E) > 0, we get a contradiction. Hence we also have \E'^('I'^(i?)) = 0, which implies that 
= 0. Therefore WIT2 holds for E with respect to 
We next prove that '^/^{E) is Ga-twisted semi-stable. Assume that there is an exact sequence 

(3.64) ^ Fi ^ ^^{E) F2^0 

such that Fi e Pct{X'/Y')^, dcg(j.^{Fi) > and F2 G Pci-{X' /Y')^ . Applying $ to this exact sequence, 
we get a long exact sequence 








> $"(F2) - 


> 


> $"(i^i) 




(3.65) 




> ^^{F^) - 


> — 


— > ^Hf,) 








> ^HF2) - 


> E 


> ^^F,) - 


> 



By LemmaiXl WIT2 holds for ^^{F2). Hence $^(^2) € Ti, in particular, we have degg, ($^(^2)) > 0. By 
Lemmain^H WITq holds for $i(i^2) = $°(i^i)- Hence *^(i^2) e ^1, which implies that deg^^ ($^(^2)) < 0. 
Therefore degg^ ($(i^2)) > 0. On the other hand, degg^ ($(^2)) = dcgc,^(F2) < 0. Hence $^(^2) is a fi- 
semi-stable object with degg^ (5'^(i^2)) = and degQ^{F2) = 0. Then Lemma [3.6.71 implies that ^'^(F2) = 0. 
If X(G3,F2) < 0, thenrk$2(i^2) ^ x{G3,F2) implies that x{G3,F2) a.nd^'^{F2) is a torsion object. This 
in particular means that 'ii^{E) is G2-twisted semi-stable. We further assume that E is irreducible. Since 
degG.^($2(i^2)) = 0, $2(F2) is a 0-dimensional object. Then WIT2 holds for ^^{Fi), ^'^{Fi) and $^(^2) 
with respect to Since q, $^(Fi) = 0. Then $2(i^2) = or $^(^1) = 0, which implies that 

Fi = or F2 = 0. Therefore ig Gg-twisted stable. □ 

We continue the proof of (1). Assume that there is an exact sequence in Per(A"'/y)^ 

(3.66) -> Fi ^ £\x' x{.}~^F2^0 

such that dego3(Fi) = x(G3, Fi) = 0. By the proof of Lemma WIT2 holds for Fi and F2. Thus we 
get an exact sequence 

(3.67) ^ $2(F2) ^ C:i, ^ $2(Fi) ^ 

Since C^; is /3-stable, x(/3, $2(F2)) < 0, which implies that x(-*(;3),^2) > 0. Therefore £\x'x{x} is 

G3 — ^'(/3)-twisted stable. Then we have an injective morphism (j) : X ^ il/^'^" {"^o) by sending x € X 
to £\x'x{x}i where a' = — ^'(/?). By a standard argument, we see that is an isomorphism. We note 

that [^{H + {H,S^o)/rogx')]i is the pull-back of the canonical polarization on A/^'^(wq ). Hence under the 
identification Af|^+"'(w;^) = X, (H) = H. 

(2) Assume that £\{x']-kx is a ^-stable local projective generator for a general x' £ X' . By Lemma FS.G.lSI 
(2) below, we only need to prove the /i-stability of £|x'x{2;} for a: e X\JiZi. We shall study the exact sequence 
(|3.64p in Lemma [3.6. 11[ where E = C^;. We may assume that F2 satisfies degeg(F2) = and xC^a, F2) > 0. 
Then WIT2 holds for F2 by the proof of Lemma l3.6.11l We shall first prove that ^'^(Fi) does not contain a 0- 
dimensional object. Let Ti be the 0-dimensional subobject of \E'^(Fi). Then we have a surjective morphism 
4'2($i(Fi)) ^ "i^iTi). Since WIT2 holds for Ti with respect to * and *"($0(Fi)) ^ m^{^!^{Fi)) is 
surjective, we get Ti = 0. By Lemma [3H1 $2(F2) e Ti. Then Lemma [MH and deg^^ ($2(i^2)) ^ 
imply that '^^{F2) is an extension of a Gi-semi-stable object Fi with deg(3^(Fi) = x(Gi,Fi) = by a 
0-dimensional object T. Since Tn^^(Fi) = 0, T = C^; or 0. By our assumption, '^'^{Ei) is a torsion object. 
By the exact sequence 

(3.68) *^Fi) ^ F2 ^ *2(r) ^ 0, 

we have rkF2 = {t:'^£\x' x{x}) dimT, which implies that rkF2 = v\i£\x' /.{x} or rkF2 = 0. Therefore £\x'x{x} 
is //-stable. □ 

Lemma 3.6.12. If £\ {x'}xXtX' G X' and Eij are locally free on an open subset X'^ of X , then £\x'x{x} 
a local projective generator of Pct{X' /Y')^ for x G A"". 

Proof. We first note that £\x'x{x} G Coh(Ar') by Theorem 13.6.11 The claim follows from the following 
equalities: 

liom{£ix'x{x}, 'Cx'[k]) = Hom(*(C:c),*(£'|{j;.}xx)[fc]) = Hom(£:|{^/}xx, Ca,[fc]) =0, 
Rom{£ix'x{x},Bl^[k]) = Hom(^'(C,),^'(F,,)[fc]) = Hom(F„-, C,[fc]) = 

for X e X", x' e X' and k =^ 0. □ 

50 



Lemma 3.6.13. (1) If X = Y and Y' is not smooth, then £\x'x{x} is a local projective generator of 

Per(X7r')^ for all xeX. 
(2) If £\{x'}xx is a ^-stable local projective object of C for a general x' G X' , then £\x'x{x} is a local 
projective generator of VeT(X' jY')^ for all x G X. 

Proof. (1) We first note that Eij G Coh{X) = C are locally free sheaves for all i, j. Assume that E := f |{a;'}xx 
is not locally free for a point x' £ X' . Then we have a morphism from an open subscheme Q of Quotjw /x/c 
to X' , where n = dmi{E'^'^ / E). Since dimX' = 2, this morphism is dominant. Hence £\{x'}xx is non-locally 
free for aU x' G X' . Since S\{x'}xx is locally free if x' belongs to the exceptional locus, £\{x'}xx is locally 
free for any x' G X'. Then the claim follows from Lemma [3. 6. 121 

(2) The claim follows from Lemma [3.4.91 (3), (4) and the proof of Lemma [3.6. 121 □ 

In the remaining of this subsection, we shall prove the following result. 

Proposition 3.6.14. 5* : D{X) T){X')op induces an equivalence Sl^' 2] — > (2t3)op- 

We first note that the following two lemmas hold thanks to Theorem 13.6. II 

Lemma 3.6.15 (cf. Lem. I3.6.3p . (1) Assume that F G T3. Then }lom{F, £^x' x{x}) = for a general 
X e X. In particular, ^°{F) = 0. 
(2) Assume that F e^z- Then }lon\{£\x' x{x}, F) = for all x £ X. In particular, ^^{F) = 0. 

Lemma 3.6.16 (cf. Lem. 133:61 Lem. KG^ . Let F be an object of Pci(X' /Y')^ . 

(1) //WITo holds for F with respect to $, then F e ^3(c ^3). 

(2) // WIT2 holds for F with respect to ^P, then F G T3. If^^{F) does not contain a 0-dimensional 
subobject, then _F G T3. 

Lemma 3.6.17. (1) Assume that E e'^'^ . Then 

(a) -^^iE) = 0. 

(b) ^\E) e ^3_. 

(c) '^^{E) G T3. Moreover if E does not contain a non-trivial 0-dimensional subobject, then 

*2(£;)ei3._^ 

(2) Assume that E G ^i- Then 

(a) ^°{E) e ^3- 

(b) T3. 

(c) ^^{E)=0. 
Proof. We take a decomposition 

(3.70) ^ Fi ^ ^\E) F2^0 
with Fi G I3 and F2 E ^3. Applying we have an exact sequence 

> $"(F2) > $0(*i(^)) > $"(Fi) 

(3.71) ^ $H^2) > $i(*H^^)) > ^HPi) 

> $^(^2) > ^ $2(Fi) > 0. 

By Lemma [3XIS1 we have = ^'^{Fi) = 0. 

(1) Assume that degn,j,-| g^{E) > 0. By Lemma [3.6. 161 (2) and Lemma [3.6.91 (a) and the first claim of (c) 

hold. For the second claim of (c), by Lemma [3.6.161 (2). it is sufficient to prove that ^'^(^^(F)) does not 
contain a non-trivial 0-dimensional subobject. By the exact sequence 

(3.72) ^ $°(^'^(F)) ^ $2(^'2(F)) F 

and the torsion-freeness of \['°(4'^(F)), we get our claim. 

We prove (b). By Lemma [OJ and (a), we have %^{^^{E)) = 0. Then WITi holds for Fi. We have a 
surjective homomorphism 

(3.73) F^$i(*i(F)). 

Hence E has a quotient sheaf with degg^ ($i(Fi)) = - degG3(Fi) < 0. If deg^, ($^(Fi)) < 0, then 

we see that rk$i(Fi) > and F ^ f^. Hence deg(3^($i(Fi)) = -degG^(Fi) = 0. Then Fi G % implies 
that rk$i(Fi) = -x(G3,Fi) < 0. Since x(Gi,$i(Fi)) = -rkFi < 0, the d-twisted Hilbert polynomial of 
$i(Fi) is 0. Therefore Fi = 0. 

(2) Assume that degj^jg^^.d (^) < 0. By Lemma 13.6.41 and Lemma |3.6.16[ (a) and (c) hold. We prove 
(b). Since *2(F) = 0, Lemma [6X2] implies that $°5'i(F) = 0. Hence WITi holds for F2 and we have 
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an injcctive morphism $^(^2) ^''-{^''-(E)) E. Since dcgg^ ($^(^2)) > 0, we have *^(i^2) = 0, which 
imphes that F2 — 0. □ 

Proof of Proposition \3. 6.14\ 

For E S 2li , we have an exact sequence in Sl^ 

(3.74) 0^ H-\E)[l]^ E ^ H°{E) ^0. 
Then we have an exact triangle 

(3.75) ^{H"{E))[2] ^ *(£;[- 2]) ^ ^{H-\E))[l] ^ ^{H"{E))[3]. 
Hence 'i''{E[—2]) = for i 7^ —1, and we have an exact sequence 

> ^\H^{Ej) > ^-\E[-2]) > •^^{H-\E)) 

(3.76) 

> ^^{H"{E)) > ■^°{E[-2]) > ^^{H-^E)) > 0. 

By LemmeEXni 'ii-^E[-2]) e S3 and *"(£;[- 2]) G %. Therefore *(£;[- 2] ) e (2t3)op. □ 

Definition 3.6.18. (1) Let Per(X7r')^v be the full subcategory of Pci{X'/Y')^ consisting of G3- 
twisted semi-stable objects E with degQ^(£^) = x{G3,E) = 0. 
(2) Let Co (resp. Per{X' /Y')(j') be the full subcategory of C (resp. PeT{X' /Y')'^) consisting of 0- 
dimensional objects. 

Proposition 3.6.19. 4* induces the following correspondences: 

C„-(Per(X7r')Sv), 



(3-77) 



lop-i 

C.„ -(Per(X7r')?)op. 



Proof By Lemma ^^(Co) is contained in (Per(X7r')Sv)op- It is easy to see that Per(X7r')^?v is 
generated by '^'^{Aij), i,j>0 and ^'^(C^), x e X \ U^Zj. Thus the first claim holds. 
We have an equivalence 

.o7o^ PeT{X'/Y% ^ (Per(X7r)?)op 

^ ' E ^ Iinomo^{E,Ox)[2]. 

Then the second claim is a consequence of Proposition 13. 2.1^ (I). □ 
3.7. Preservation of Gieseker stability conditions. 

Proposition 3.7.1. Let E be a Gi-twisted semi-stable object with degQ_^{E) = and xiGi,E) < 0. Then 
WITi holds for E and 5'^(£') is G^-twisted semi-stable. In particular, we have an isomorphism 

(3.79) M%'{vy' Mf{-'f{v)y'' 

which preserves the S-equivalence classes, where v — Ivq + agx + {D + {D/ro,^Q)gx), I > 0, a < 0. 

Proof We note that £; G 5i nfi. By Lemma EH] and Lemma [3X13 WITi holds for E and 'i'HE) e^s- 
Assume that *I'^(iJ) is not Ga-twisted stable. Then there is an exact sequence in Pei{X' /Y')^ 

(3.80) ^ Fi ^ ^\E) F2^0 
such that Fi is a Gs-twisted stable object with dcgQ^{Fi) = and 

(^■^^^ " > rk^^i - rkv&i(i?) ' 

and F2 G S3. Then we have an exact sequence 

(3.82) ^^\F2) ^ E ^^!^{Fi) ^ 0. 



Since 
(3.83) 

we have 
(3.84) 



x{Gi,^\Fi)) _ rki^i 



rk(^'i(Fi)) xiG3,Fi) 

^ vk^^jE) _ x{GuE) 

- x(G3, *!(£;)) rki; ■' 

x(G3,fi) _ x{G3,^\E)) 
rkFi rk*i(£:) 
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Hence 'ii^{E) is Gs-twisted semi-stable. Thus we have a morphisni A^^^(u)^^ A^5^ (— ^'(w))^'''. It is easy 
to see that this morphism preserves the S'-equivalence classes. By the symmetry of the conditions, we have 
the inverse morphism, which shows the second claim. □ 

The following is a generalization of IY5[ Thm. 1.7]. 
Proposition 3.7.2. Let w E v{'D{X')) be a Mukai vector such that (w^) > —2 and 

(3.85) w = lwo + agx' + i dH + D + —{dH + D ,£^o)qx- 



where / > 0, a > and D e NS(X) ® Q n i?^. Assume that 

d > max{(4/V3 + l/{H^)),2rMw') - (D'))}, > 0, 
a > max{(2ro + 1), ((w^) - (L'^))/2 + 1}, 2/ ; = 0. 

Then 

(1) Mf{^{w)Y'^M^'{wy'. 

(2) A4'^^{^{w)y^ consists of local projective generators. 

(3) If {H, G2) is general with respect to w, then A^^^ ^ ■^H+ei^i''^))'"' f'^^ ^ sufficiently small 
relatively ample divisor e. 

Proof. (1) We first note that in |Y5| corresponds to $. Since |Y51 Thm. 2.1, Thm. 2.2] are replaced by 
Theorem 13.5.81 13.6.11 and since |Y5[ Prop. 2.8, Prop. 2.11] also hold for our case, the same proof of |Y5| 
Thm. 1.7] works for our case. More precisely, in order to show that ^{F), F G A^^^($(w)) does not contain 
a 0-dimensional subobject, we use the fact that WITq holds for 0-dimensional object E G Pcr{X' /Y') (see 
Proposition [3X131 (I))- 

(2) The proof is the same as in the proof of jY51 Rem. 2.3]. Let be a /x-semi-stable object of C such 
that v{E) = $(«;). If Ext'^{S,E) ^ for an irreducible object S of C, then a non-trivial extension 

(3.87) O^E^E'^S^O 

gives a /i-semi-stable object E' with x{Gi,E') > x{Gi,E). By Proposition |Y5| Prop. 2.8, Prop. 2.11], 
we get a contradiction. Hence Ext^{E,S) = Ext^{S,EY = for any irreducible object 5 of C Since 
Ext^(£;,5) 5^ Hom(S',£')^ = 0, it is sufficient to prove that xiS,E) > 0. We note that x{S,E) = 
xisMw)) = ax{S,G,) + ici{S),D). Since (7J, ci(5)) = 0, we h ave |(ci(^), i^)^| < \{c,iS)^){D^)\ = ~2iD''). 
Since x{S, Gi) > 0, it is sufficient to prove that a > y/--2{D'^). 

We first assume that ? > 0. Thcnd{H'^)~l > APrfiH"^) and d > 2rll{{w'^)-{D'^)) = 2r^l{d'^{H^)-2lara). 
Hence 

(3.88) a > ^('^(^^) - yj^rlD) ^ d^^.^s^^,^ ^ 



Hence a > 2{4:l'^r^)lrliH^) = 8ro{lrofro{H^) > 8. If -{D^) < 4, then a > 3 > y/-2{D^). If -(D^) > 4, 
then (w^) - (D^) > -2 - (D^) > -{D^)/2. Hence 



(3.89) a > 2dlrl{H^) > ro{{w^) - iD^))4{lro)\o{H^) > V^^{D^- 

We next assume tha t / = 0. Then a > 2ro -h 1 and a > {w^)/2 + 1 - {D^)/2 > -{D^ )/2. If -{D^) > 8, 
then a > -{D^)/2 > y/-2{D^). If -{D^) < 8, then since a > 2ro + 1 + 1/ro, ^-2{D'^) < 4 < a. 
Therefore x(-E'i S) > Q and £' is a local projective generator of C. 

(3) By our assumption, {'^{w)Y'' = ($(w))''"*'* ( jY51 Cor. 2.14]) and iJ is a general polarization. 
Hence for E e M%^(^(w)Y' and a subobject Ei of E, ^"^[^^jf^ = ^"'i^Ef' implies = Let E 

be a ^-semi-stable sheaf of v{E) ~ (f>(w) with respect to H. We shall prove that E £ C. We set 

E:={yl,jhl]|z,j}nCoh(X) 

as in Proposition 11.1.151 We assume that Hom(i?, F) 7^ for F € S. Then there is a //-semi-stable sheaf 
E' E C n Coh(X) with respect to H fitting in an exact sequence 

(3.90) ^ E' ^ E ^ F' ^ 0, 

where F' e C[— 1] n Coh(X). Then we see that xiGi,E') > x{G,E), which is a contradiction. Therefore 
E £ C. Then we can easily see that E is //-semi-stable in C □ 

Corollary 3.7.3. If {G,H) is general with respect to v, then M^{v) is isomorphic to the moduli space of 
usual stable sheaves on a K3 surface. 
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Proof. We first construct a primitive and isotropic Mukai vector u such that rku > and (rkG)ci(ii) — 
(rkit)ci(G^) € 'EH: We first take a primitive isotropic Mukai vector t such that t — h)(G^) + agx- Then 
for a sufficiently small r, T := (i) is a surface. Let J" be the universal family on T x X as 

a twisted object. Then we have an equivalence ^x^t '■ "^i-^) ^ D'^(r). We consider 11 := ^^'^x^ o 
^x-^T ■ '^{-^) ^ 0, where we set D := H. Then 11 also induces a Hodge isometry 11 : 

H*{X,Z) -> H*{X,Z). By its construction, H preserves the subspace {Qt + QH + Qgx) n H*{X,Z) and 
rkn(px) > for n 0. Hence u := U{qx) satisfies the claim. Since ci(u)/ rku — ci(G^)/ rkG^ G QH, 
x{u,A^j[2])/Tku = x(G^,4^j [2])/rkG. By Corollary there is a local projective generator G„ of 

with v{Gu) = 2u. Since {Il{Ox),u) = —1, Xi := M^~^°'{u) is a fine moduli space of stable objects of 
. Since C satisfies Assumption 13 . 1 . ll also satisfies Assumption 13.1.1] Let £ be the universal family 
on X X Xi. By Theorem 13.6. 1[ we can regard f as a universal family of Vq + 7-twisted stable objects of 
Per(Xi/Yi)^ with respect to Hi, where Yi := Alfj(u), Hi := H, vq = ^(f |{a;}xJfi) ^'Hd 7 is determined 
by a. Then (M]^°+^(wo), #1) = iX,H). For $ $i^Xi and M'^ive"'^y', m » 0, we shall apply 
Proposition Then M'^ (u)"" is isomorphic to a moduli stack of usual semi-stable sheaves on Xi . Since 
M"^ (u)'"* ~ M'^{v)^'^, we get our claim. □ 

Since (|3.86p is numerical, we can apply Proposition 13.7.21 to a family of K3 surfaces. 

Example 3.7.4. Let / : {X ,T-L) 5 be a family of polarized Ki surfaces over S. Let •= {r,dH,a), 
gcd(r, a) = 1 be a family of isotropic Mukai vectors. We set X' := M'^^g{vo). Then we have a family of 
polarizations H' on X' . Since gcd(r, a) = 1, there is a universal family £ on X' x s X and we have a family of 
Fourier-Mukai transforms ^x^X' ■ ^{^) ~^ T){X'). Then we can apply Proposition 13. 7.11 and Proposition 
13.7.21 to families of moduli spaces over 5*. 

We also give a generalization of |Y11 Thm. 7.6] based on Theorem 13.5.81 and Proposition 13.6.1^ We set 

(3.91) d„i„ min{degG^ (F) > 0\F G D(X)}. 

Proposition 3.7.5. Assume that Ti = T^*. Let v G H*{X,'L) be a Mukai vector of a complex such that 
degGi(t') C'min- 

(1) //rk$(u) < 0, then 3> induces an isomorphism 

(3.92) {vy (-$(w))"' 

by sending E to <^^(E). 

(2) //rk5'(v) > 0, then 5* induces an isomorphism 

(3.93) (vy ^ (*(!'))'" 
by sending E to 4'^(iJ). 

The proof is an easy exercise. We shall give a proof in [MYYj . as an application of Bridgeland's stability 
condition. 

Remark 3.7.6. In }Y6| . we constructed actions of Lie algebras on the cohomology groups of some moduli 
spaces of stable sheaves. In particular, we constructed the action on the cohomology groups of some moduli 
spaces of stable objects of Pei{X/Y) in |Y6[ Prop. 6.15]. Then a generalization of jY61 Prop. 6.15] to 
the objects in Per(X'/y) corresponds to the action in [Y6[ Example 3.1.1] via Proposition 13.7.51 

4. FOURIER-MUKAI TRANSFORMS ON ELLIPTIC SURFACES. 

4.1. Moduli of stable sheaves of dimension 2. Let F — > G be a morphism from a normal projective 
surface to a smooth curve C such that a general fiber is an elliptic curve. Let tt : X ^ Y he the minimal 
resolution. Then p : X — )• G is an elliptic surface over a curve G. We fix a divisor H on X which is 
the pull-back of an ample divisor on Y. As in section |31 let C be the category in Lemma 11.1.51 satisfying 
Assumption 13. 1 . H We also use the notation Aij in section [3] Let Gi be a locally free sheaf on X which is a 
local projective generator of C. Let e € K{X)top be the topological invariant of a locally free sheaf E of rank 
r and degree d on a fiber of p. Thus ch(e) = (0, rf, d), where / is a fiber of p. Assume that e is primitive. 

Then Mf/{e) consists of Gi-twisted stable objects, if Gi S K{X)top (8) Q, rkGi > is general with respect 
to e and H. From now on, we assume that x(Gi, e) — 0. By jO-Yl sect. 1.1], we do not lose generality. 

Q 

Remark 4.1.1. We have A/^ (e) = i\/j^^„j(e) for all n. 
Lemma 4.1.2. We set 

(4.1) :^{EeK{X)top\xiE,e) = 0}. 
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(1) — x( , ) is symmetric on . 

(2) M :~ (Zr(G'i) + 'Lt{<Cx) + Ze)^/Ze is a negative definite even lattice of rank p{X) — 2. 
Proof. (1) For a divisor D, we set 

(4.2) v{D) := t{Ox{D) - Ox) - ^^i^li^fM_^^(c,) e i^(X)top ® Q. 

rK (_Ti 

Then induces a homomorphisni 

(4.3) NS(X)®Q^i^(X)top®Q 

such that rk(z^(L))) = 0, ci{v{D)) = D and x(Gi, 1^(1))) = 0. For E e K{X) ® Q, we have an expression 

(4.4) t{E) ^ It{Gi) + aT{<C.,) + u{D) 

where l,a e Q and £> G NS(X) ® Q. If x(£;,e) = 0, then D satisfies (DJ) = 0. Hence we have a 
decomposition 

(4.5) e^<E)Q= (Qr(Gi) + Qr(C,)) + i^((Q/)^). 
For E,F e K{X), we have 

(4.6) xiE, F) - xiF, E) = {AEci{F) - rkFci{E),Kx). 

Hence the claim (1) holds. 

(2) By g31), the signature of e^/Ze is (1, p{X) - 1). We note that Qr(Gi) + Qr{Cx,) (e^/le) (g) Q is 
injective and defines a subspace of signature (1, 1). Hence M is negative definite. Since (Zt(Cj;) + Ze)^ is 
an even lattice, we get our claim. □ 

Q 

Lemma 4.1.3. (1) Assume that Gi is general with respect to e and H . Then Af^ (e) is a smooth 

elliptic surface over C and E (g) Kx = E for all E G (e) . 
(2) Let E be a Gi-twisted stable object such that Supp(i?) C p^^(c), c € C If xiGi, E) = and 
{ci{E),H) < (ci(e),i7), then x{E,E) =2 and E®Kx= E. 

Proof. (1) In |Brll Thm. 1.2], Bridgeland proved that M^^(e) is smooth and defines a Fourier-Mukai 
transform D(M^^(e)) D(X), if Gi = Ox is general with respect to e and H. We can easily generalize 
the arguments in [Brll sect. 4] to the moduli space Al'^ (e) of Gi-twisted semi-stable objects, if Gi is general 
with respect to e and H . Then the claims follow. 

(2) Since Supp(i;) C p-^{c) &ndx{Gi,E) = 0, we have G (ZT(C^)+Zr(Gi) + Ze)-L. Since (ci{E),H) < 
(ci(e),iJ), we get 

(4.7) 2 < x(E,E) = dimHom(£',£') + dimHom(i;,£'(g) i^x) - dimExt^(£;, £■). 

Hence }ioT[i{E , E iS) K x) ^ 0. Since K'^ G p*(Pic(G)) for an integer m, we see that E®Kx is a Gi-twisted 
stable object with t[E) = t{E (g Kx), which implies that E (g) Kx = E and xiE, E) =2. □ 

In the same way as in the proof of Theorem 13. 1.51 we get the following results. 

Corollary 4.1.4. (1) A/^^(e) is a normal surface and the singular points qi,q2,...,qm of AI^ {e) 
correspond to the S-equivalence classes of properly Gi-twisted semi-stable objects. 

(2) Let (Dj^QEfj be the S-equivalence class corresponding to qi. Then the matrix {x{Eij , Eik))j,k>Q 
is of affine type A, D, E. We assume that OiQ ~ 1 for all i. Then (ji, ^2, • . ■ , Qm oltc rational double 
points of type A,D,E according as the type of the matrices {xi^ij , Eik))j.k>i- 

(3) We take a sufficiently small general a G K{X) Cg Q such that x(Q!,e) = 0. Then tt' : il/^^^ (e) — > 
A4 (e) is the minimal resolution. 

(4) Assume that a'^g = 1 for all i and x(a, Eij) < for all j > 0. We set 

(4.8) G^ {E G il/^'^+"(e)| Hom(S,,, S) ^ 0}. 

Then C[j is a smooth rational curve such that {G[j, C[i^,) = —x{Eij,Eirji) and tt' ^{qi) ~ 12j>i ^ij^'ij ■ 

Remark 4.1.5. In Theorem I3.1.5[ we assume that x(a,i?ij) > 0. So the definition of C'^j is different from 
that in Lemma [3.2.41 For the smoothness of G^'^-, we use the moduli of coherent systems {E,V), where 
E G A/^i+"(e) and V is a 1-dimensional subspace of Hom(i?ij, E). 

From now on, we take an a in Corollary|4Tl(3) and set X' := AIJj (e), Y' := AI^ (e). Let q : X' ^ G 
be the structure morphism of the elliptic fibration. 
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4.2. Fourier-Mukai duality for an elliptic surface. Let £ be a universal family as a twisted sheaf on 
X' X X. For simplicity, we assume that it is an untwisted sheaf. We set 

^^■^^ ^{F) ■.=TlRomp,{p*^,{F),£), F e D(X'). 

Lemma 4.2.1. Replacing Gi by Gi —nCx, 0, we can choose det\I'(Gi)^ G Pic(X') as the pull-back of 
an ample line bundle on W . Let H be a divisor with Ox'{H) = det^(G'i)^. 

Proof. We note that det*(C:r) = rf. Hence det*(Gi - nC^Y = det *(Gi)^(nr/). We set 

(4.10) ^ := mrTkGi{HJ){-GX + {Y\iGi)n{n + m){H^) /2qx). 

By (|1.104p . detpx'\{£ ® P*x{C)) is the pull-back of a polarization of F' for m > n > 0. Since det "^{O = 
(ietpx'\{£ ®p*x{C)) and — ch(^^) = mrrkGi{H, f) ch(Gi) mod Q^jc, we get our claim. □ 

Lemma 4.2.2. We set := ^{E^j)[2]. 

(1) There arc h[ :— (&ii,&i2i ■ • ■ ^Ks')' * = 1, ■ • ■ 7^ such that 

(2) Irreducible objects 0/ Per(X'/y , b'^, bj„) are 

(4.12) A^(l <i<m,0<j< s'^), C,.(.t' G X'\U^Zl). 

Proof. It is sufficient to prove (1) by Proposition 1 1 . 2 . 1^ By the choice of a, we have 
^^^3^ Ext2(i?,,, =0, j>0, 

Hom(i;io,f|{2-'}xx) =0 

for all x' £ X' . Then the claim for j > follow from the proof of Corollary 14. 1.41 (4). For x' G tt' ^(gi), we 
have an exact sequence 

(4.14) O^F,^£:|{,,}xx^ -5,0^0, 

® ■ a '■ 

where Fi is a Gi-twisted semi-stable object which is ^-equivalent to (Bj>oE^j' Applying we have an 
exact sequence 

(4.15) ^ 4'(F,)[1] ^ A'^„ C^, 0. 
It is easy to see that 

(4.16) Hom(A^o, A^[-l]) = Exti(^^o,^^[-l]) = 0. 

By LemmaHXHl we get A'jO = Ao(b^). □ 

We define Per(X7r') and Per(X7y')^ as in subsectionO Replacing Gi by G[ with t{G[) = t(Gi) - 
nT(Cx), we may assume that Gi|p-i(t), t G G is a stable vector bundle for a general t € G. Then = 
^'(Gi)[1] is a torsion object of Per(X'/y) n Coh(X') such that Ci(iv2) = H. Indeed L'2 is a coherent torsion 
sheaf on X'. Since Hom(L'2, [-1]) = Hom(£;,j,Gi) = 0, L'2 G Per(X7y')- 

Lemma 4.2.3. Let Li be a line bundle on a smooth curve G G and set G2 '■— 5'(ii)[l]. Then we have 

Hom(G2,C,4fc]) =0, k^O, 

(4.17) Hom(G2,A^[fc]) ==0, fc ^ 0, 

dim Hom(G2 , ) = (ci (£;,, ),H). 

In particular G2 is a local projective generator ofPcT{X'/Y'). 
Proof. The claim follows from the following relations: 

Hom(G2 , C,' [fc] ) = Hom(* (Li ) [1] , * (£, j >< x)[2 + k]) 

= Hom(£|{^,}xX,ii[fc + 1]), 
Hom(G2,A'y[fc]) =Hom(*(Li)[l],*(^y)[2 + fc]) 
= Iiom{E^j , Li[k + 1]). 

□ 
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For a conveniense sake, we summalize the image of Cx[^'2\, £\{x>}xx i Gi, Li by 5*: 

^ ■ ' *(Gi) =L2hl], 

= G2[-1]. 

Definition 4.2.4. We set ^'{E) pH'{^{E)) e Pct{X'/Y') and := pw(^{E)) e Per(X/y). 

Lemma 4.2.5. WIT2 wi</i respect to 5* /loMs /or 0- dimensional objects E of Pei{X' /Y') and ^^(i?) is 
G2-twisted semi-stable. Moreover if E is an irreducible object, then '^(E)[2\ is a G2-twisted stable object of 
Vci{X'/Y'). 

Proof. It is sufBcicnt to prove the claim for all irreducible objects E of C. Since £\{x'}yx a-nd Eij are purely 
1-dimensional objects of C, Hom(£', £|{^/i,xx) = Hom(£^,i5y) = for all x' E X' and Hence ^^(iJ) is a 
torsion free object of £2- Since Hom(^;, £:|{^,}xx[l]) = if Supp(£:) n p-i(p(x')) = 0, ^^{E) = 0. Therefore 
WIT2 holds for all 0-dimensional objects of Per(X'/F'). 

For the Gj-twisted stability of *(£^)[2], we first note that x(G2, *(£^)[2]) x(*(-^i)[l], *(-B)[2]) = 
x(£',ii[l]) = 0. Assume that there is an exact sequence 

(4.20) ^ Fi ^ ^'^(E) F2^0 

such that ^ Fi e Per(X7r') and F2 € Per(X7r') with x{G2,F2) < 0. Applying $ to this exact 
sequence, we get a long exact sequence 








> *"(F2) 


> 


> *0(Fi) 




(4.21) 




> $1(F2) - 


> 


> ^HFi) 








> ^HF2) 


> E 


> ^^F,) - 


> 



Since $"(Fi) = 0, WIT2 holds for F2. Since > x(G2,F2) = x(*(i^2), $(G2)) = x(*(i^2), ii [-1]) = 
(i7,ci($2(F2))) > 0, we get x(G2,F2) = and $^(^^2) is a 0-dimensional object. Then %^{Fi) is also 0- 
dimensional. Since E is an irreducible object of £1, we have (i) \E'^(Fi) = or (ii) ^^(Fi) = E. Since WIT2 
holds for $^(Fi) with respect to ^, the first case does not hold. If $^(Fi) = E, then $^(Fi) = $^(F2). 
Since $°(Fi) = 0, Lemma iXl] implies that *2($i(Fi)) = 0, which implies that F2 = ^'^(^^(i?^)) = 0. 
Therefore ^'^(F) is G2-twisted stable. □ 

Theorem 4.2.6. l^Fe set f := t(£'|x'x{2;})- F/ien £\x'x{x} *s G2 — {(3) -twisted stable for all x E X and we 
have an isomorphism X — > A/?^ sending x £ X to E\x'x{x} £ 

Proof. By Lemma 14.2.51 f|x'x{x} is G2-twisted semi-stable. If £\x>y.{x} is not G2-twisted stable, then 
£\x'x{x} is S'-equivalent to ®j'^'^{Aij)®°-^^ . Let Fi be a G2-twisted stable subobject of £\x'x{x] such 
that x(G2,Fi) = 0. Then Fi is S'-equivalent to ©j*^(Ay O®**'^ and $(Fi)[2] is a quotient object of C^;. Since 
is /3-stable, < x(/3,$(^i)) = x(*(/3),^i)- Therefore £|x'x{2;} is G2 - *(/3)-twisted stable. Then we 

have an injective morphism ip : X M (f) by sending a; e AT to £\x'x{x]- By a standard argument, 

we see that is an isomorphism. □ 

4.3. Tiltings of C, Per(A7y') and their equivalence. We set £1 := C and £2 := Per(A7y')- In 
this subsection, we define tiltings 2ti, %2 of £1, £2 and show that induces a (contravariant) equivalence 
between them. We first define the relative twisted degree of F e £i by deg(3.(F) := (ci(G/ (g) F),/), and 
define Mmax,G,(-E), /imin,G,(-B) in a similar way. 

Definition 4.3.1. (1) Let %i be the full subcategory of £i consisting of objects F such that (i) F is a 
torsion object or (ii) F is torsion free and fJ.niin,Gi{E) > 0. 
(2) Let be the full subcategory of £i consisting of objects F such that (i) F = or (ii) F is torsion 
free and Mmax,G.(£^) < 0. 

Definition 4.3.2. (1) Let be the full subcategory of £i consisting of objects F such that Supp(F) 
is contained in fibers and there is no quotient object F — > F' with x{Gi, E') < 0. 
(2) We set 

, , ^^ :=(2.)^ 

(4.22) 

={F e £i| Hom(F', F) = 0, F' e T,}- 
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Remark 4.3.3. We have D and Ti C Ti. 

Definition 4.3.4. and are torsion pairs of C^. We denote the tiltings by 2lj and 21^ respec- 

tively. 

Then we have the fohowing equivalence: 

Proposition 4.3.5. 5* induces an equivalence 2ti[— 2] — > (2t2)op- 

For the proof of this proposition, we need the following properties. 

Lemma 4.3.6. (1) Assume that E eIi. Then Hom(i?, £|{j./}xx) = for a general x' <E X' . 

(2) Assume that E e ^i. Then Honi(£|{j./jxx, -E) Hom(£'ij, i?) = for all x' G X' . In particular if 
E e^i, then Rom{£\{xi}xx , E) = llom{Eij,E) = for all x' e X'. 

Proof. We only prove (1). If rk£^ = 0, then obviously the claim holds. Let £' be a torsion free object on 
X such that E^j is a semi-stable locally free sheaf with x{Gi,E^f) = for a general /. Then if there is a 
non-zero homomorphism ip : E £\{x'}xx-i then ip is surjective and Ey is S'-cquivalent to £\[x'}xx ® ^cnp, 
where / = p^^{q{x')). Therefore Hom(i?, f |{^/}xx) = for a general x' G q"Hp(/)) CY. □ 

Lemma 4.3.7. Let E be an object o/C = £i. 

(1) PW{^{E)) fori>3. 

(2) H°{PH^{^{E))) = H^{^{E)). 

(3) C In particular, is torsion free. 

(4) //Hom(£;, [2]) = /or a;/i,j and Hom(£;, £|{^,}xx[2]) = /or a;' G X', then p {"^ (E)) = . 
In particular, if E G then pH'^{^{E)) = 0. 

(5) IfE satisfies E G Ti, then pH^{^{E)) = 0. 

Proo/. By Lemma|4X2l E G Pcr(X7r') is if and only if Hom(£;, A[^) = Hom(£;, C:,;') = for all i, j and 
x' e X'. Since 

Rom{E,E,,[p]) = nom{^ {E)[p],^{E.,){Kx'mr = Hom(*(i?)[p], vI/(^;,,)[2])^ 

(4.23) 

Hom(S,£|{,,}xxb]) =Hom(*(i;)[p],*(£|{,,}xx)(ifx')[2])'' =Hom(*(i;)[p],*(£-|{,,}xx)[2])'', 
we have (1), (2) and (4). (3) is obvious. (5) follows from (3) and Lemma [4.3.61 (1). □ 



Corollary 4.3.8. IfE G liCidi, then /or i 7^ 1. 

Lemma 4.3.9. Let E be an object of C. 

(1) // WITo holds for E with respect to then i? G 5i- 

(2) // WIT2 holds for E with respect to , then E 

Proof. For an object E of C, there is an exact sequence 

(4.24) 0^Ei^E^E2^0 

such that El G Ti and i?2 € Applying to this exact sequence, we get a long exact sequence 
> "^"{£2) > ^"(-B) > ^"(Si) 

(4.25) > ■^\E2) > > *H-Bi) 

> "^^(£2) > "ii'^iE) > *^(i^i) > 0. 

By LemmaiXTl we have '^"{Ei) = '^'^{£2) = 0. If WITo holds for E, then we get *(£'i) = 0. Hence (1) 
holds. If WIT2 holds for E, then we get *(i?2) = 0. Thus E G Ti. We take a decomposition 

(4.26) 0^ E[^ E^ E'2^0 

such that E[ G and E'^e^iH^i. Then *'(-B^) = for i 7^ 1 by Corollary HSU Since ^°{E[) = 0, we 
also get ^^{E'2) = 0. Therefore E'^ = 0. □ 

Lemma 4.3.10. (1) If E e fi, then (la) ^°{E) = 0, (lb) ^^{E) G §2 and (Ic) ^^{E) G T2. 
(2) IfEe ^i, then (2a) -^^{E) G %, (2b) -^^E) G T2 and (2c) ^^(E) = 0. 

Proof (la) and (2c) follow from Lemma HXT] (2a) is easy. (Ic) By Lemma [gXl WIT2 holds for 'ii'^{E) 
with respect to 'i/. By a similar claim of Lemma [4.3.91 (2). we get 5'^(i?) G T2. 
We next study 5'^(£') for G C. Assume that there is an exact sequence 

(4.27) 0^ Fi^^\E)^ F2^0 
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such that Fi G I2 and F2 G ^2- Applying we have a long exact sequence 
> $"(F2) > > $"(Fi) 

(4.28) > $i(F2) > > ^HPi) 

> $2(^2) > %^{-^\E)) > ^^{Fi) > 0. 

By Theorem 14.2. 6[ we have similar claims to Lemma [4.3.71 Thus we have ^"(Fi) — ^^(F2) = 0. 

Assume that E e Ti. Since 5'0(F) = 0, Lemma EX^] implies that = q. Hence WITi holds 

for Fi. Since < x(G2,Fi) = x($^(Fi),Li) = -(F, ci(*i(Fi))) < 0, $i(Fi) is a 0-dimensional object. If 
Fi ^ 0, then since $i(Fi) 7^ 0, we see that < x{Gi,^HPi)) = x(^i,-^2) = -(H,ci(Fi)) < 0, which is a 
contradiction. Therefore Fi = 0. 

Assume that F e ^1. Since ^'^(F) = 0, Lemma |6X2] implies that $°(*i(F)) = 0. Hence WITi holds 
for F2. We have an injection ^'^(vI'^(F)) — )• F. Since /Xmax,Gi(£') < Oj ^'^(F) is zero on a generic fiber of 
p. Hence ^^{^^{E)) is a torsion object. Since F is torsion free, ^^(^^(F)) = 0. Since $°(Fi) = 0, we get 
$i(i^2) = 0, which implies that F2 = 0. □ 

Proof of Proposition \4-3. 5\ 

It is sufficient to prove that vI'('Xi[— 2]), 5'(5^i[— 1]) C {'312) op- Then the claims follow from Lemma [4.3. 101 

□ 

4.4. Preservation of Gieseker stability conditions. We give a generalization of |Y11 Thm. 3.15]. We 
first recall the following well-known fact. 

Lemma 4.4.1. (1) Let E be a torsion free object of C. Then E is Gi-twisted semi-stable with respect 
to H + nf , n ^ if and only if for every proper object E' of F, one of the following conditions 
holds: 
(a) 

(4.29) MFU)^(cr(F'),./) 



rkF rkF' 



(b) 



,4^.^ (ci(F),/) ^ (ci(FO,/) (ci(F),g) {c,{E'),H) 



rkF rkF' rkF rkF' 



(c) 



f4 3n (ci(F),/) _ (ci(F'),/) (ci(F),g) _ (ci(F'),g) xiGi,E) ^ x{Gi,E') 

^ ' ' rkF rkF' ' rkF rkF' ' rkF " rkF' 

(2) Let F be a 1-dimensional object of Per^X' /Y') with (ci(F),/) 7^ 0. Then F is G2-twisted semi- 
stable with respect to H + nf, n ^ if and only if for every proper subobject F' of F, one of the 
following conditions holds: 
(a) 

(4.32) (^c,{F')J)f^j^>xiG2,F') 

(ci(F),/) 

(b) 

(4.33) (ci(F'),/)f^^^ = X(G2,F'), (ci(F'), i?);^^^^ > x(G2,F'). 

(ci(F),/) {ci{F),H) 

Lemma 4.4.2. Let F be a purely 1-dimensional G2-twisted semi-stable object such that (ci(F), /) > and 
x{G2, F) < 0. Then WITi holds for F with respect to and ^^^(F) is torsion free. 

Proof. By Lemma [4.4. II (2). F G 3^2. By Theorem l4.2.6l similar claims to Lemma [4.3.71 Corollarv l4.3.8l and 
Lemma [4.3.91 hold for ^P. Hence WITi holds for F. Assume that there is an exact sequence 

(4.34) ^ Fi ^ $^(F) ^ F2 

such that Fi is the torsion object of 'I'^(F). Since \E'^(F)|y is a semi-stable vector bundle of deg(Gi ® 
^^{F)\f) = for a general fiber / of p, Supp(Fi) is contained in fibers. Since Fi e Ti and F2 G ^1, WITi 
holds for Fi, F2 and we have a quotient F — > ^'^(Fi). By our assumption on F, we get x(G2, ^^(Fi)) > 0. 
On the other hand, x(G2, ^'^(Fi)) = x(Fi,Fi) = — (i7, ci(Fi)) < 0. Hence Fi is a 0-dimensional object. 
Then we get < x(Gi,Fi) = x(*^(Fi),i2) = -(if, ci(*i(Fi))) < 0, which is a contradiction. □ 
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Lemma 4.4.3. Let F be a 1-dimensional object of Pcr{X' /Y') . Then 
(ci(i^),/)=rk($(F)[l]), 

(4.35) {ci{F), H) = -x{F, L^) = -x(Gi, $(^^)[1]), 

x(G2,F) = x($(J^)[l],ii) = -(ci($(F)[l]),i/)+rk($(^^)[l])x(£i). 

Proposition 4.4.4. Let w G K(X')tap be a topological invariant of a 1-dimensional object. Assume that 
x(G'2, w) < 0. Then for n 3> 0, we have an isomorphism 

(4.36) -^hV«/(*(-^))'' ^ -^IW^"")"' 
which preserves the S-equivalence classes. 

Proof. Let £■ be a Gi-twisted semi-stable object with t{E) = ^{—w). Then since E\f is a semi-stable locally 
free sheaf with dikE — rdeg{E\f) = for a general fiber, we have E £ 1i (l^i. By Corollary 14.3.81 WITi 
holds for E with respect to Assume that there is an exact sequence 

(4.37) ^ Fi ^ *!(£:) ^ F2 ^ 0. 

By Lemma liXTUl ^'^(i;) e §2, which implies that Fi e §2- Since rk*i(i;) = 0, Fi,F2 £ X2. In particular, 
Fi G T2 n 5^2- Then similar claim to Corollary 14.3.81 implies that WITi holds for Fi. Hence we get an exact 
sequence 

(4.38) ^ $^(^2) ^ S 4 $^(Fi) ^ $^(^2) -> 0. 

By Lemma [4.3. 101 ^'^(^2) G Ti. Hence rk5'^(Fi) = rkini(^. By (|4.35p . we haye the following equiyalences. 

(4.39) io,{F,)j ff';l'^f^^ < x{G„F,) ^ rk$Hfi) ^'^^y^ > {c^{%\F,)), H), 

[ci[F)J) rkE 

(4.40) (c,iF,),H)j^^^^l^^^^ < x(G2,Fi) ^ -xiGu^\F,) f^^';^'^^^'^ < x{G2,F,). 

{ci{^^{E)),H) -x{Gi,E) 

If the equality holds in (|4.39p . then x(G2, *^(-B)) < implies that (|4.40p is equiyalent to 
^44^) x(Gi,$HJ^i)) rk^H^^i) 



x(Gi,i;) - ikE 
which is equiyalent to 

(4 42) x{Gi,^HFi)) ^ x{Gi,E) 

rk$i(Fi) " 

by -x(Gi,£;) > 0. Since 

(4.43) x(Gi,im^(ng)) ^ x(Gi, §HJ^i)(»g)) ^ 0^ 

rkimv? ~ rk$i(i^i) 

we see that (/s is surjectiyc and the equalities hold for (|4.39p . (|4.40p . Therefore 'ii^{E) is G2-twisted semi- 
stable. 

Conversely let F be a G2-twisted semi-stable object with t{F) = w. By Lemma [4.4.2) WITi holds for F 
with respect to 4" and '^^{F) is a torsion free object whose restriction to a general fiber is stable. If 'l'^(iJ) 
is not Gi -twisted semi-stable, then we have an exact sequence 

(4.44) ^ Fi ^ $i(F) ^ F2 ^ 

such that Ei G Ti H iJi. By using Lcmme [4.4.3) we get the following equivalences: 
(4 (ci($y)),g) ^ (ci(Fi),g) ^ x(G2,F) ^ x(G2, ^H^^i)) 



rk$i(^) " i-kFi (ci(F),/) - (ci(vl/i(Fi)),/)' 

.4 ... x(Gi,$^(F)) ^ x(Gi,Fi) (ci(F),g) (ci(vl/HFi)),g) 

^ rk$i(F) - rkFi (ci(F), /) " (ci(vI/i(Fi)), /) " 

If the equality holds in (|4.45p . then (|4.46p is equivalent to 
(4 47) X(G2,F) ^ x(G2,vI'i(i?i)) 



(ci(F),if) (ci(vl/i(Fi)),ff) 
by x(G2,F) < 0. Therefore $i(F) is Gi-twisted semi-stable. □ 
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5. A CATEGORY OF EQUIVARIANT COHERENT SHEAVES. 

5.1. Morita equivalence for G-sheaves. Let X be a smooth projective surface and G a finite group 
acting on X. Assume that G — > Aut(A") is injective and Stab(a;), x € X acts trivally on {Kx)\{x}i that is, 
Kx is the pull-back of a line bundle on Y := X/G. By our assumption, all elements of G have at most 
isolated fixed points sets. Let R{G) be the representation ring of G and ( , ) the natural inner product. 
Let Kc{X) be the Grothcndieck group of G-shcaves and -fsTc (Ar)top its image to the Grothendicck group of 
topological G-vcctor bundles. 

Definition 5.1.1. For G-sheaves E and F on X, 

(1) Ext^(i;,i^) is the G-invariant part of Ext'(£;,F). 

(2) Xci-^i-^) •= Si(^l)' dimExtQ(i?, i^) is the Euler characteristic of the G-invariant cohomology 
groups of E, F. We also set Xai^) ■= XGi^x,E). 

Remark 5.1.2. li Kx — Ox in CohG(Ar), then Xci ' ) symmetric. 

Let w : X ~> Y he the quotient map. We set 



(5.1) w.iOx)[G] := { J2 fgix)g 



fg{x) e TO, (Ox) 



TO, (Ox)[G] is an Oy-algebra whose multiplication is defined by 

(5.2) (E/^(^)5)-(E/M^)5'):= E fA^)f'A9~'^)99'- 

g&G g'eG g,g'€G 

We note that e := X^geG 9 satisfies ge ^ e for all g E G. By the injective homomorphism 

(5.3) TO,(Ox) ^ TO,(Ox)e (C TO,(aY)[G]), 
we have an action of to,(C'x)[G] on to, (Ox): 

(5.4) f,{x)g) ■ fix) := ^ f,ix)fig-'x). 

geG geG 

Thus we have a homomorphism 

(5.5) TO,(Ox)[G] ^ Homo^(TO,(Ox),TO,(Ox)). 
Lemma 5.1.3. to,(Ox)[G] = Homciy(TO,(Ox),TO,(Ox)). 

Proof. We first prove the claim over the smooth locus of Y. We note that ^w~^{y) = #G, y G y™. 
We take a point z £ w~^{y). Then TO,(Ox)|y = 0^-i(.y) is identified with ffiggoCgz as C[G]-modules. Let 
Xu{x) be the characteristic function of a point u G A. Then {xgzb G G} is the base of ©ggcCgz and 
/(.t) G 0„-i(y) is decomposed into /(x) = I]ggG /(5^)Xg2(a^). Since 

(5.6) (Xs'.(^)(5'5-')) • (E /(Mx/..(a:)) = /(ff^)X9'.(a;), 

heG 

we see that 

(5.7) (TO,(Ox)[G])|,y -> Hom(TO,(Ox)|y,TO,(Ox)|g) 

is an isomorphism. Since to,(Ox)[G] and Homo^, (to, (Ox), to,(Ox)) are reflexive sheaves on F, we get the 
claim. □ 

We set := to,(Ox)[G] ^ Homo^ (to,(Ox), to,(Ox)). 
Lemma 5.1.4. FFe /laue an equivalence 

TO,: CohG(A) - Coh^(r) 

^ ' ' E ^ TO,(i?) 

whose inverse is to^^ : Coh^(y) — > CohG(A). In particular, we have an isomorphism 
(5.9) HomG(-Bi,£;2) = Hom^(TO,(i;i), to,(£;2)), Ei,E2 E CohG(A). 

Proof. Since the problem is local, we may assume that Y is affine. Then X is also affine. For F G Coh^(y), 
H°(Y,F) is a i?°(r,TO,(Ox))[G]-module. Hence H°{X,zu-\F)) = H°(Y,F) is a ijO(A, Ox)[G]-module, 
which implies that to~^(F) G CohG(A). Then it is easy to see that to^^ is the inverse of to,. □ 
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By Lemma 15.1.41 we have an equivalence tn* : Dg'(X) — > D^(y). In particular, 

(5.10) xg(£^i,£^2) =5I(-l)'d™HonM(w*(i;i),Ti7,(£;2)W), E^,E2 £ CohcW. 

i 

For a representation p : G ^ GL{Vp) of G, we define a G-linearization on Ox ® Vp in a usual way. Thus 
we define the action of G on zu^,{Ox <E) Vp) as 

(5.11) g ■ if{x) (g> v) := f{g~'x) (g> gv, g G G, f{x) e ^,(Ox), e Vp. 
Then Ox ® C[G] is a G-sheaf such that m^{Ox ^ C[G]) = ^ and we have a decomposition 

(5.12) 0^^C[G] =0(Ox®FpJ®''™''% 

where are irreducible representations of G. 

Definition 5.1.5. For a G-sheaf E and a representation p : G ^ GL{Vp), E ^ p denotes the G-sheaf 
E(^Ox (Ox^Vp). 

Since ^^.{Ox 'Si Pi) are direct summands of A, we get the following lemma. 

Lemma 5.1.6. (1) Ai :~ w^{Ox ® Pi) are local projective objects o/Coh^(F). 

(2) ®j (Ox ® Pi)®^' is a local projective generator o/Coh^(K) if and only if ri > for all i. 

For a local projective generator B of Coh_4(y), we set A' := HomA{B, B). Then we have an equivalence 

Coh^(y) ^ Coh^,(r) 

^ ' E ^ nomA{B,E). 

5.2. Stability for G-sheaves. Let a be an element of i?(G) ® Q. 

Definition 5.2.1. Let Ox(l) be the pull-back of an ample line bundle on Y. A coherent G-shcaf E is 
a-stable, if E is purely d-dimensional and 

(5.14) Xa{Fin)^an ^XaiEin)^an^^^^^ 

ad(F) ad{E) 

for all proper subsheaf F ^ 0, where ad{*) is the coefficient of n'' of the Hilbert polynomial XG{*(,'n)). We 
also define the a-semi-stability as usual. 

Remark 5.2.2. Assume that a = J^i'^tPi^ > 0- We set B := ©j^f''' and A' := UoniAiB.B). Under the 
equivalence 

CohG(X) ^ Coh^'(F) 
^ ' E ^ nomA{B,w4E)), 

(5.16) XaiEin) (g> a^) = x{HomA{B, m,iE))in)) 

implies that a- twisted stability of E corresponds to the stability of ^'-module HomA{B, n7,(£^)). 

For a coherent G-sheaf E of dimension 0, we also have a refined notion of stability, which also comes from 
the stability of 0-dimensional objects in Coh^(y). 

Definition 5.2.3. Let p^cg be the regular representation of G. A coherent G-sheaf E of dimension is 
(Prog, a)-stable, if 

XciF^Preg) XaiF^P^eg) 

for a proper subsheaf F ^ 0. 

By [Si Thm. 4.7] and Proposition II .6. Il we get the following theorem. 

Theorem 5.2.4. (1) Assume that na contains every irreducible representation for a sufficiently large 
n. Then there is a coarse moduli space M ^jiv) of a-semi-stable G-sheaves E with v{E) = v. M ^{v) 
is a projective scheme. We denote the open subscheme consisting of a- stable G-sheaves by M^{v). 

(2) Assume that v is a 0-dimensional vector. Then there is a coarse moduli space M (v) of (/Orcg, cr)- 
semi-stable G-sheaves E with v{E) = v. M^"*' (v) is a projective scheme. We denote the open 
subscheme consisting of {prcg,Ci)-stable G-sheaves by Af^'°*'"(u). 

(3) If Kx — Ox in CohG{X), then AI'^{v) and Al'^"'^'"' (v) are smooth of dimension — xg(w;w) + 2 with 
holomorphic symplectic structures. 

Remark 5.2.5. There is another construction due to Inaba [In] . 

For a smooth point y of Y, let vq be the topological invariant of Oj^-i(y). 
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Lemma 5.2.6. A 0- dimensional G - sheaf E is vo-twisted stable if and only if E is an irreducible object of 
GohaiX). 

Proof. Let E he a. G-sheaf of dimension 0. Then Xci-^ ® ''^o ) I Xai-^ ® Preq) = 1- Hence the claim holds. □ 



reg I 

Definition 5.2.7. Let G-Hilb^ be the G-Hilbcrt scheme parametrizing 0-dimensional subschemes Z oi X 
such that H^[X,Oz) = Vp 



Let po, pi, . . . , pn be the irreducible representations of G. Assume that po is trivial. We take an a such 
that {a, vq) ~ and (a, pt) < for i > 0. 

Lemma 5.2.8. M^"'""(wo) = G-Hilb$:°^ In particular, M^"'«'"(wo) ^ 0. 

Proof. Let i? be a G-sheaf with v{E) = vq. Since Xci^x ® POtE) = 1, we have a homomorphism (p : Ox <8) 
Po ^ E. Then i?" (im (f>) contains a trivial representation, which implies that Xg ® Po , im </)) > 1 . We note 
that E belongs to AI^"^'"' (vq) if and only if E does not contain a proper subsheaf F with Xoi^x^Po, F) ^ 1- 
Hence if £■ e M^""-'" (vq), then imc/)^ E, which implies that E e G-Hilb^:"". Conversely, if S e G-Hilb^"% 
then for a subsheaf F with Xci^x ^ Po,F) > Ij Home (Ox Po,F) Home (Ox ^ Po,E) is isomorphic. 
Hence 4> factors through F. Since E is generated by the image oi (j), F = E. Thus E is stable. □ 

We set X' := M'^""'" (vq). Let Y' be the normalization of M^°*' (wq). Then we have a morphism 

TT-.X'^ Y'. 

Proposition 5.2.9. (1) Y' 17^' {vq) is a bijective morphism. 

(2) Let {pi,p2, ■ . . ,pi} be the set of singular points of Y' . Then each pi corresponds to S-equivalence 
classes of properly VQ-twisted semi-stable G-sheaves. Let ffijLo^i^"'^ S-equivalence class cor- 
responding to Pi. Then the matrix (xciEij, Eij'))j_ji>Q is of affine type A,D,E. 

(3) We can assume that a^o = 1 for all i. Then pi is a rational double point of type A, D, E according 
as the type of the matrix {xciEij, Eijr))j j>^i. 

(4) We assume that Ojo = 1 for all i. For j ^ 0, 

(5.18) G,, := {.t' e X'\ HomG(-B.,,f|{.'}xx) 0} 
is a smooth rational curve and TT^^{pi) = '^j^oOijCij . 

Proof Since H^{X,Oz^,) = C[G], x' € X', we have 

(5.19) J2 ^ciOx ® PO, E,,) = XaiOx ® Po, ©,£^®"") = 1- 

3 

Hence we may assume that a^o = 1 and H'^{X,Eij) does not contain a trivial representation, if j ^ 0. In 
particular, xciEij ® a^) < for j > 0. Then the proof is similar to the proof of Theorem 12 . 2 . 1 71 and Lemma 
12.2.181 □ 

5.3. Fourier-Mukai transforms for G-sheaves. Let £ := Oz be the universal family and we consider 
the Fourier-Mukai transform: 

$ : Bg{X) ^ D(X') 

E ^ Rnx'^iS (EnT*x{E))'^. 



(5.20) 
Then 
(5.21) 



$ : D(X') ^ Dg(X) 

F ^ R7rx,(f''[2] ®7r^,(i^)) 

is the quasi-inverse of $. 

We note that px'*{Oz) is a locally free sheaf on X' with a G-action. We have a decomposition of px'*(02:) 
as G-sheaves: 

(5.22) Px'*{Oz)=(B^^Ox®P^)<»P^. 

For a G-sheaf E of dimension 0, i?^ ~ £xt'^{E, Ox) [—2]. Hence E is an irreducible object if and only if 
£'^[2] is an irreducible object. 

Lemma 5.3.1. We set F,j := i;,^.[2] e CohG(X). 

(1) 

'Oc., (-1)[1], J >0, 
Oz,. j = 0, 

where Zi := OijCij is the fundamental cycle of pi. 
(2) $(Ox ® Pi) is a locally free sheaf of rank dim pi on X' . In particular, $(Ox ® po) = Ox' • 
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(5.23) $(F,j) 



(5-24) .o_^_^„.l. 



(3) $(C'x ® Pt) is a full sheaf (^). 

Proof. Let U he a, G-invariant open subscheme of X. Then D := Supp(py*(Z O {Y x {X\ U)))) is a proper 
closed subset of Y and Zy C U ii and only if y £ y \ D. If if;/ = Ojj as a G-sheaf, then we see that Ky\d 
is trivial. Since X has an open covering of these properties, by the Grauert-Rienienschneider vanishing 
theorem, R7r*(Ojf/) — Oy- Outside of the fixed point loci of the G-action. ^{Ox') coincides with Ox <E) po- 
Hence = Ojc po- Therefore ^{Ox Po) = Ox'- (2) is a consequence of (|5.22p . Then the proof of 

(1) is similar to the Fourier-Mukai transform on a K?> surface. (3) We note that 

Y{oui{<^{Ox ® Pi),Oc,A-l)) = ^oMMOx ® Pi),HFjk)[-l]) 

HomG(Ox®A,F_,fc[-l]) = 0, 

Ext^($(Ojf ® p,), Oz,) = Exti($(Ox ® Pi), HFjo)) 
= Ext^(Ox®P^,F_,o) =0. 

Hence <^{Ox ® Pi) \s a. fuU sheaf. □ 
We have 

(5.25) ® Pi)\c,, = Ogf""'-'^--) ® Oc,Jl)®'=-N 
where 

fcyfe :=(ci($(C'x ® Pj)),Gjfc) 

(5.26) =dimExti($(Ox ® P^), ^(i^jfc)) 

= dim HoniG {Ox Pi, Fjk). 

Proposition 5.3.2. $ induces an equivalence 

(5.27) CohG(X) ^ -1 Per(X7r')- 

Proo/. It is sufficient to prove ^{E) e Pci(X'/Y') for E e CohG(X). We first prove that W{^{E)) = 
for i 7^ —1, 0. Let be a G-shcaf on X. Then there is an equivariant locally free resolution of E: 

(5.28) Q^V-2^V-i^Vo^ E ^ 0. 
Since $(Vi) are locally free sheaves on X' and 

(5.29) ^ $(y_2) ^ *(^-i) ^ ^(Vb) 

is exact on X' \ \JiZ,, we get H'{<^>{E)) = for i^-l,0 and Supp(iJ-i ($(£:))) C U,Zi. Then we have 

Hom(i/°($(£;)),Oc.,(-l)) = Hom($(^),$(F,j)[-l]) 

HomG(£;,F,jhl]) = 0, J > 0, 

Hom(02,,i/-i($(S))) =Hom($(J^,o),*(S)[-l]) 
= HomG(J^.o,S[-l]) =0. 

Hence $ (i;) G " ^ Per(X' / F ' ) ■ ^ 

Remark 5.3.3. By the proof of Proposition 15.3.21 H~^{^{E)) = if docs not contain a non-zero 0- 
dimensional sub G-sheaf. 

Proposition 5.3.4. For a = J2i "^iPi^ n > 0, we set P := 0- $(Ox ® Pi)®''' • 

(1) P is a local projective generator of ~^Pct{X' /Y'). 

(2) A G-sheaf E is a-twisted stable if and only if ^{E) is P-twisted stable. 
Proof. Since 

(5.31) xiP, '^(Fjk)) = nxaiOx ® P^, F,k) - ^ n{p,, H"{X, F,k)) > 

i i 

for all j, k, (1) holds by Lemma [5.3.11 (3). (2) is obvious. □ 

Lemma 5.3.5. A/^(t;o) = y = X/G. In particular, M^[vq) is a normal surface with rational double 
points. 

Proof. We shall first show that M^(wo) — Y' . By Proposition 15.3.41 Af2(uo) is isomorphic to the moduli 
of 0-dimensional objects E of ~^ Per(X'/F') with v{E) = v{'Cx). By Lemma [2. 2. 121 we have the claim. 

Let A <Z X X X he the diagonal. Then Q := ©geGC(ixg)*(A) is a G-equivariant coherent sheaf on 
X X X which is flat over X. Since w(5{2;}xx) = ''^'o, we have a morphism rj : X ^ M^^{vo). We note that 
G\{x}xx — G\{g(x)}xx for all 5 G G and G\{x}xx — G\{y}xx if and only if y G Gx. Hence rj is G-invariant and 
we get an injective morphism X/G M^^{vo). It is easy to see that X/G Af^(vo) is an isomorphism. □ 
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Corollary 5.3.6. We set P ^{Ox C[G]) and A' := 7r,(P^ ® P). Under the isomorphism Y' = Y, we 
have an isomorphism t:^{P) tu^{Ox)- Hence we have an isomorphism A A! as Oy' -algebras and we 
have the following commutative diagram. 



(5.32) 



R7r.(P~"«( )) 



Coh^(y) Coh^,(y) 

Proof We set R Ox ® C[G]. Since $(C'x ® C[G]) e^$(Ox ® p.)edimp, ^ px,^{Oz), 7r*(P) 
T^*{px'*{Oz)) is a reflexive sheaf. Since 'k*{px'*{Oz)) = n7,(C'A') on the smooth locus, we get an isomor- 
phism 7r<,(P) = Wt{Ox)- Since A' is a reflexive sheaf on Y' , we have A' = Endo^, (7r*(P)). Therefore 
^' ^ Endo^,(7r*(P)) ^ Endo^(w,(Ox)) = A. 

Since ro,, (i?) = A and every G-sheaf £' has a locally free resolution 

(5.33) > R{-n-2)®^-'- i?(-n_i)®^-i ^ i?(-no)®^" ^ P ^ 0, 

we get the commutative diagram. □ 

Assume that X' is a KZ surface. For a primitive isotropic Mukai vector vq on X' , we set X" := M'^{vo), 
where Wg := (r, ^, a) is a primitive isotropic Mukai vector with < (^, G^ ) and (^, OijCij) < r for all i, j 
and w € K{X') (g) Q is sufficiently close to vq. Assume that there is a universal family on x X" . Then 
£' := ^l-T^) is a flat family of stable G-sheaves and defines an equivalence $' : 'D'~'{X) — > D(Ar") such that 

5.4. Irreducible objects of CohG(X). We shall study irreducible objects of CohG(X). Let be a G-sheaf 
of dimension 0. We may assume that Supp(i?) = Gx. Let H be the stabilizer of x and the submodule 
of E whose support is x. Then E^ is a 7J-sheaf. We have a decomposition H°{X,E) = (By£GxH^{X,Ey). 
Since gH^{X,Ex) = H^{X,Egx), we have an isomorphism 

(5.34) H\X, E) = C[G] ®c[ff] H\X, E,) 
as G-modulcs. Then we have an equality of invariant subspaces: 

(5.35) H%X,Ef ^H%X,Ex)". 
We shall prove that there is a bijection between 

(a) e:={Ee CohG(A:)| Supp(i;) ^ Gx, Stab(x) ^ H) and 

(b) ^■.= {Fg Coh^(X)| Supp(F) = x}. 

We define r : © ^ by sending E & & io E,^ e S^. For F S 55, we set K := kcr(iJ"(X,F) Ox ^ i^)- 
Then 

(5.36) s{F) (C[G] ®c[if] F)) ® Ox/ J2 5^ 

see 

is a G-sheaf such that s{F).j; = F. Hence we have a map s : Sj ^ & with r o s = idj-,. For £' G ©, we also 
see that s{Ex) = E, and hence s or ~ id®. Therefore our claim holds. 

If H"{X,F) is the regular representation of H, i.e., H°{X,F) = C[H], then H"{X,E) is the regular 
representation of G. Then we see that E is irreducible in CohG(^) if and only if Ex is irreducible in 
Coh/f (AT). Since Supp(iJ2;) is one point, it means that H'~'{X,Ex) is an irreducible representation of H and 
Ex^ H°{X,Ex)(E>Cx. 

Lemma 5.4.1. Each singular point i?®"'' G M^(wo) corresponds to an orbit Gxi with Stab(xi) 7^ {e} 
and [Eij)xi = Pij ®Cxi, where pij are irreducible representations of Stah(xi). Moreover 

(5.37) XG{Eij,E^j>) = XStab(i;,)(Pji ®'Cx,Pij' ^Cx). 

Proof. If Supp(£'y) 7^ Supp(i?i'j'), then xiEij, Ei/j/) = 0. Hence Supp(£'y) = Supp(i?y') for all j, j'. Hence 
there is a point Xi such that Gxi = Supp(£'y) for all j. Then the first part of the claim follows. 

For the second claim, we note that Xstab(:r.) (( ®ggG/ Sta.b{xi)Pij ^ 'Cgx,)/Pij 'Cx, , Pif ® Cxj) = 0. By using 
an equivariant locally free resolution of Eij and (j5.35p . we see that 

XG{Eij,Eij') =XSta.h{xi){Eij, {Eiy)x^) 

=XSta.h(x^){{Eij)xi, {Eij>)xi). 

□ 

Example 5.4.2. Let X be an abelian surface. Then G = 1^2 acts on X as the multiplication by (—1). Then the 
moduli of stable G-shcaves on X is isomorphic to the moduli space of stable objects of Pcr(Km(A)/y), 
where Y — X/G and Km(A) — > F is the Kummer surface associated to X. 
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6. Appendix 



6.1. Elementary facts on lattices. 

Lemma 6.1.1. Assume that L = Z" has an integral bilinear form ( , ). Let v be a primitive elenent of L 
such that {v,v) = 0, {v,w) = {w,v) for any w. We set :— {x G L\{v,x) = 0}. Assume that ( , is 
symmetric and there is an element u G L ^ Q such that [u, v) = and {v^ n u^)/Zw is negative definite. 

(1) If V — J2i=o ^i^i' G ^>o such that Vi G v-^ O , i — 0,1, s, (vf) = —2 and {vi, Vj) > for 
i 7^ j. Then the matrix {—{vi,Vj)ij) is of affine type A,D,E. 

(2) If V has two expressions 

s t 

(6.1) = X! ^ X! ^ 



1=0 i=Q 
„2^ _ ffn,'\2\ 



such that Vi,v[ G u n u-^ , (vf) = ((«,') ) — ~2 and {'Wi,W2) > for different Wi,W2 € Vi U V2, 
where Vi := {vq, vi, . . . , Vs} and V2 := {vq, v[, . . . , v'^}. Then Vi = ¥2 or (BiLvi _L ®iLv[. 

Proof. (1) We first note that vq,vi, ...,Vs are linearly independent over Q. We shall show that the dual 
graph of {vq,vi, ...,Vs\ is connected. If we have a decomposition v ~ (X^ie/i '^i'^i) + (Sie/, ij^'i) such that 

{vi,Vj) = for i € h, j G I2, then = (v"^) = (X^ie/i o-i'^i)'^ + (Sie/2 "'i'^i)'^- Hence J2ieh "'i'^i^Y.iah ^ 
IjV, which implies that the graph is connected. Then the standard arguments show the claim. 

(2) / := {z\v[ G V,} and J := {i\v[ ^ ^i}. Then v = (E.e/ + (E.eJ«^^0- ^ ^ ^ -h then 
= {v,,v) ^ E.a.ivivj) > 0. Hence v[ G {(B^Zv,)^. Then - (v^) - + iiE^eJ«)^)- 

Hence J2iei ^i'^i'J2iej ^i'^'i ^ which implies that / = or J = 0. If J = 0, then V2 C Vi, and we see 
that Vi = V2. If / = 0, then all v', belong to (BiZvi. Thus ®iZvi ± ©^Zw,'. □ 

Example 6.1.2. Let X be s smooth projective surface and H a divisor on X with (i?^) > 0. We set L := 
ch(A'(X)) and {x, y) := — x^y tdx, x,y G L. Then qx ~ ch(C:E) is primitive in L. Since C^: (8) Kx — Cx, 
{gx,x) = {x,Qx)- Moreover ( , )\g± is symmetric. Since {qx n ch{OH)'^)/Zgx = {D G NS{X) f\{II, D) = 
0}, it is negative definite, where NS(X)/ is the torsion free quotient of NS(X). 

6.2. Existence of twisted semi-stable sheaves. Let X be a smooth projective surface and H an ample 
divisor on X. Let e G K{X)top be a toplogical invariant of a coherent sheaf on X. 

Definition 6.2.1. A polarization on A is general with respect to e, if for every ^-semi-stable sheaf E 
with t{E) = e and a subsheaf F ^ of E. 

If H is general with respect to e, then the G-twisted semi-stability does not depend on the choice of G. 
The following is jM-W[ Lem. 3.6]. For convenience' sake, we give a proof. 

Lemma 6.2.2. Assume that H is not general with respect to e and let e be a sufficiently small <Q-divisor such 
that 11 + e is general with respect toe. Then there is a locally free sheaf G such that M'fj{eY'' = A^ ff+e 

Proof. We set 

' E G A^ff (e)^""^ E/F is torsion free ~\ 



(6.3) F{e):= <ZE 

Since J^(e) is a bounded set, we have 



(6.4) B 



{ci{F),H)/rkE^{ci{E),H)/rkE 
X{E) X{F) 



i-kE i-kF 



{FCE)G T{e) } < 00 



Assume that Ne G NS(A). Let G be a locally free sheaf such that ci(G)/rkG = -me. If to > {ike)'^NB, 
then for {F C E) G J'(e), 

x{G,E{nH)) x{G,F{nH)) _ f c,{E) c^{F) \ x{E) x{F) ^ ^ 

ri^E rkF -'^[^kE~^kVr^'^- 



if and only if 
(1) 



ciiE) ci{F) 



or 
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(2) 



rfi7^ £iCE)_£iCn^n x(i^) x{F) 

which is the semi-stabihty of E with respect to iJ + e. Therefore the claim holds. □ 

Lemma 6.2.3. Let {X, H) he a polarized KZ surface and w = r + ^ + agx, C ^ NS(X) a primitive Mukai 
vector with (v^) > —2. Then there is a G-twisted semi-stable sheaf E with v{E) = v for any G. 

Proof. If H is general with respect to w, then there is a stable sheaf E with v{E) = w by [Yl[ Thm. 8.1] 
and |Y5]. By Lemma there is a locally free sheaf Gi such that M%^{vY' = M%^{vY ^ 0. For a G 
with A^g(w)^'' = M%{vY, we use [Y2l Prop. 4.1]. If A^g(w)''-' 7^ A^g(w)^, then we can find a G' such that 
ci(G')/rkG' is sufficiently close to ci(G)/rkG, {vY' ^ {vY ^ imd {vY' C Thus 
the claim also holds. 

□ 

6.3. Spectral sequences. Since $[2] and 4* are the inverses of $ and \I' respectively, we get the foUowng. 
Lemma 6.3.1. We have spectral sequences 

(6.8) = $P($«(i5)) ^ = 1^' ^^'^^J' EeVer{X'/Y'l 

(6.9) El''^ = %^{^'^{F))^EU''^\l' ^VZ'^o 

In particular, 

(i) $P($9(£;)) = 0, p = 0,1. 

(ii) $P($9(£;)) = 0, p= 1,2. 

(iii) There is an injective homomorphism (f>°($^(i?)) (f>^($°(i?)). 

(iv) There is a surjective homomorphism <I>''($^(i?)) — > $^(<I>^(i?)). 

Lemma 6.3.2. We have spectral sequences 

(6.10) EP, '^^^P{^-HE))^EPj'i^r' ^"'^Tn e Pcr(X7y')'', 

(6.11) = $p(vl/-?(F)) ^ If' Fee. 

In particular, 

(i) *P($2(£;)) = 0, p = 0,1. 

(ii) vE-pj^oji;)) = 0, p= 1,2. 

(iii) There is an injective homomorphism '^'^{'^^{E)) — > ^'^(5'^(£')). 

(iv) There is a surjective homomorphism ^''^(^''^(i?)) — > \I'^(\I'^(_B)). 

For a convenience of the reader, we give a proof of Lemma 16.3.21 
Proof. By the exact triangles 

(6.12) *-^(£;)[-l] ^ ^{E) ^^{E)[~2] ^-'^{E) 
and 

(6.13) *"(£;) ^ «'^i(£;)[-i] ^ ^\E)[-i] ^ *°(£;)[i], 

we have exact triangles 

(6.14) $(*^i(i;))[l] ^ $(*(£)) ^ $(*2(i;))[2] ^ $(*^^(£;)) 
and 

(6.15) ^{^°{E)) ^ $(*^i(£;))[l] ^ $(*i(£;))[l] ^ $(*"(i;))[-l]. 
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Since ^'(^'(E')) = E, wc have exact sequences 

^ ^\^^^{E)) ^ E ^ ^^(^^(i;)) ^ ^ 0, 

(6.16) ^ ^ ^ ^ ^ o, 

= ^>'^{^\E)) = 0. 

These give the data of the spectral sequence. □ 
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